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Direction of local steepest descent

Let’s consider a linear approximation of the
differentiable function f along some direction
hs [Ih]l2 = 1:
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Direction of local steepest descent

Let’s consider a linear approximation of the
differentiable function f along some direction
hs [Ih]l2 = 1:

f(z +ah) = f(z) + a{f'(z), h) + o(a)
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Direction of local steepest descent

Let’s consider a linear approximation of the
differentiable function f along some direction
hs [Ih]l2 = 1:

flz+ah) = f(z) + a(f'(z), h) + o(a)

We want & to be a decreasing direction: &b& .
7p48. 90

flz+ah) < f(z)

f(@) +alf'(x),h) + ola) < f(z)
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Direction of local steepest descent <vg—()(> )\q>

Let’s consider a linear approximation of the
differentiable function f along some direction
hs [Ih]l2 = 1:

[+ ah) = f(@) +alf (), ) + ofa)

We want & to be a decreasing direction:

flz+ah) < f(z)

;%)'+ ol f'(x), ) + o() </w,(

and going to the limit at « i 0:
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Direction of local steepest descent

Let’s consider a linear approximation of the  Also from Cauc yﬁ\nyako@y—Sc{@rz mequahty
differentiable function f along some direction — l\ \
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Direction of local steepest descent

Let’s consider a linear approximation of the  Also from Cauchy—Bunyakovsky—Schwarz inequality:
differentiable function f along some direction

il = 1 7 @) 1] < I @)lall
— T (f'(@),h) = =If @)l20ll2 = =11 f ()2
flotah) = f(z) T olf (@), ) 1 ole) Thus, the direction of the antigradient
We want h to be a decreasing direction: /
N
f(z+ah) < f(z) _If @)=

gives the direction of the steepest local decreasing of the function f.

(@) + alf'(z),h) + o(a) < f(=) el Ayfgb()) \q Bé—> ’VN"'\ +ng k»>

and going to the limit at o — O:
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Direction of local steepest descent

Let’s consider a linear approximation of the  Also from Cauchy—Bunyakovsky—Schwarz inequality:
differentiable function f along some direction

P [l = 1: 7 (@), )] < (1 @)llalIAl2
(@) k) = 17 @) allkll> = — 1 @)

Thus, the direction of the antigradient

flz+ah) = f(z) + a(f'(z), h) + o(a)

We want & to be a decreasing direction:

L @)
f(z+ah) < f(z) IF @)
gives the direction of the steepest local decreasing of the function f.
f(@) + alf (z), h) + o(a) < f(z) The result of this method is
and going to the limit at a — 0: Thi1 = Tk — of (zk)

(f'(x),h) <0
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Gradient flow ODE

Let’s consider the following ODE, which is referred as Gradient Flow equation.

dx 0
= 1) (GF)
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Gradient flow ODE

Let’s consider the following ODE, which is referred as Gradient Flow equation.

dx ,
& = )

and discretize it on a uniform grid with o step:

R /— min

Gradient Descent roots

Tk+1 — Tk
+T = —f/(xk)’

y

expruapd”
DGNep
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Gradient flow ODE

Let’s consider the following ODE, which is referred as Gradient Flow equation.

dx ,

huindE t GF

=~ (a(t) (GF)

and discretize it on a uniform grid with o step: ul,

nop L

Tk4+1 — Tk _ *f/(l’k) % ’SL
e : YANePA

where z;, = x(t;) and o = tg4+1 — ty - is the grid step.

From here we get the expression for &1 ODE
Tkl = Tk — af'(mk),\ GP

which is exactly gradient descent.
Open In Colab &
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Gradient flow ODE

Let's consider the following ODE, which is referred as Gradient Flow equation.

dx ,
_— = — t
=~ (a(t)
and discretize it on a uniform grid with o step:
Tht1 — T
SEAL T TR — (),
e

where z;, = x(t;) and o = tg4+1 — ty - is the grid step.
From here we get the expression for xx41
Try1 =k — af (wr),

which is exactly gradient descent.
Open In Colab &

R f— min

Gradient Descent roots

Trajectories with Contour Plot

e Gradient Descent with step 1.0e-0:
4§ — Gradient Flow ODE
Start Point
Optimal Point

(GF)

Convergence of Function Value

—e~ Gradient Descent with step 1.0e-01
! —— Gradient Flow ODE

[ 30

5 o 15 20 25
Iteration/Time step (n_steps * alpha)

Figure 1: Gradient flow
trajectory
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Necessary local minimum condition

f@)=0
s af@=0 +X
z—nf(z)=a
ok —nf (wk) = Trgr
< A\
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Minimizer of Lipschitz parabola
If a function f : R™ — ]1% is contimﬂusly differentiable and N/ % - I/ AN W‘&Q‘e

its gradient satisfies Lipschitz conditions with constant L,
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If(y) = f(2) = (Vf(2),y — @) < S lly
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Minimizer of Lipschitz parabola
If a function f : R™ — R is continuously differentiable and

its gradient satisfies Lipschitz conditions with constant L,
then Vz,y € R™:

1F) ~ F@) ~ (Vi @)y — )| < Sy —

which geometrically means, that if we'll fix some point
zo € R™ and define two parabolas:

61(2) = f(z0) + (Vf(z0), 2 — 20) = 2z — o,

Balz) = f(20) + (V f(z0), 7 — 70) + = |lo ol
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Minimizer of Lipschitz parabola
If a function f : R™ — R is continuously differentiable and

its gradient satisfies Lipschitz conditions with constant L,
then Vz,y € R™:

1F) ~ F@) ~ (Vi @)y — )| < Sy —

which geometrically means, that if we'll fix some point
zo € R™ and define two parabolas:

61(2) = f(z0) + (Vf(z0), 2 — 20) = 2z — o,
Balz) = f(20) + (V f(z0), 7 — 70) + = |lo ol
Then

$1(z) < f(x) < po2(z) Vo eR™
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Minimizer of Lipschitz parabola
If a function f : R™ — R is continuously differentiable and

its gradient satisfies Lipschitz conditions with constant L,
then Vz,y € R™:
L 2
[f(y) = f(@) = (Vf(2),y )| < S lly — =l

which geometrically means, that if we'll fix some point
zo € R™ and define two parabolas:

61(2) = f(z0) + (Vf(z0), 2 — 20) = 2z — o,
Balz) = f(20) + (V f(z0), 7 — 70) + = |lo ol
Then

$1(z) < f(x) < po2(z) Vo eR™

Now, if we have global upper bound on the function, in a
form of parabola, we can try to go directly to its
minimum.
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Minimizer of Lipschitz parabola
If a function f : R™ — R is continuously differentiable and

its gradient satisfies Lipschitz conditions with constant L,
then Vz,y € R™:

)~ (@) = (Vf @),y — )] < 2y ],

which geometrically means, that if we'll fix some point
zo € R™ and define two parabolas:

61(2) = f(z0) + (V£ (z0), 2 = 20) = 2z — 2o,
$alz) = f(m0) + (Vf(z0), @ — 70) + 2 |lo ol .

Then

p1(z) < f(z) < ¢2(z) Vo e R™

Now, if we have global upper bound on the function, in a
form of parabola, we can try to go directly to its
minimum.
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Minimizer of Lipschitz parabola
If a function f : R™ — R is continuously differentiable and

its gradient satisfies Lipschitz conditions with constant L,
then Vz,y € R™:

f(=)

1F) ~ F@) ~ (Vi @)y — )| < Sy —

which geometrically means, that if we'll fix some point
zo € R™ and define two parabolas:

Th T z
p1(wk)

Figure 2: lllustration

61(2) = f(z0) + (Vf(z0), 2 — 20) = 2z — o,

B2(a) = f(@0) + (Vf(w0), = ) + 2 12 — o] Vo) =0
1 v V f(@o) + LK — z0) = 0
Then L Y-
70, 0 + vfbe) 1 Le(x-X) o D
61(2) < f(@) < golw) ¥z ER™, L
Now, if we have global upper bound on the function, in a

form of parabola, we can try to go directly to its
minimum.

1
Tk+1 = Tk — va(mk)

This way leads to the % stepsize choosing. However,
often the L constant is not known.
‘f‘)].nﬂ Gradient Descent roots @0 O
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Convergence of Gradient Descent algorithm

Heavily depends on the choice of the learning rate a:

% - W\ XJ"W;\.
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Exact line search aka steepest descent
a = arg min f(zry1) = arg min f(zr — aV f(zk))
a€RT a€cRt

More theoretical than practical approach. It also allows you to analyze the convergence, but
often exact line search can be difficult if the function calculation takes too long or costs a lot.
Interesting theoretical property of this method is that each following iteration is orthogonal

to the previous one: OQA \‘\_CLLLU‘O?QM\LLU\D C/V\dcq

ap = arg min f(zr — aVf(zk))
a€RT

Optimality conditions:

V(i) "V ftrm—1
ol DS e e | of = '\(Ax \9

N
Al i 8

xe®"

‘ f= ].n'ﬂ Convergence

Figure 3: Steepest
Descent

Open In Colab &
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Exact line search aka steepest descent

ap = arg min f(zgy1) = arg min f(zr — oV f(x))
a€eRt aeRt ‘

More theoretical than practical approach. It also allows you to analyze the convergence, but
often exact line search can be difficult if the function calculation takes too long or costs a lot. _,
Interesting theoretical property of this method is that each following iteration is orthogonal

to the previous one: r'a\/&,, _ N =
Ba- B %=0 y -Q—o‘

o = arg &rrel]g}r flxr — aVf(zk)) &R@*"“- b\> R A = -
Optimality conditions: %K Q
7 (b 299~ 5|

2 Vi(@i) ' Viae) =0 Q
Y = Yooy VP () T 3 L
A\g - u(a M\V\% (Y&#;) = O\'&W\‘\V)% (XK’ J\ k(kXK \ o ; 1,:59 : RB =Ny
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Figure 3: Steepest
Descent
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Exact line search aka steepest descent
a = arg min f(zry1) = arg min f(zr — aV f(zk))
a€Rt a€cRt
More theoretical than practical approach. It also allows you to analyze the convergence, but

often exact line search can be difficult if the function calculation takes too long or costs a lot.
Interesting theoretical property of this method is that each following iteration is orthogonal

to the previous one:

oy = argﬁnel]g}r flzr —aV f(zk)) VAQ:: P\\AK

Optimality conditions:

Vf(zhe1) VE(zr) =0

Figure 3: Steepest
Descent
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Convergence rates

min f(z) Try1 = ok — oV f(2K)
smooth convex smooth & convex smooth & strongly convex (or PL)
k
IIVf(wk)|\2~0 flae)— £ ~O flaw) = f ~O ka—x||2~(’) 1—7

\/\jUU \/
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Gradient Descent convergence. Smooth convex case
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Gradient Descent convergence. Smooth convex case
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Gradient Descent convergence. Smooth convex case
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Gradient Descent convergence. Smooth j-strongly convex case
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Gradient Descent convergence. Polyak-Lojasiewicz case
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