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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min imTA:c —b'z 4 ¢, where AeS%,.

z€R4 z€RA

‘f -+ 1’11'}2 Strongly convex quadratic problem
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z Az —b' 2 + ¢, where A € ST .
zeRd zeRd 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.

‘f -+ 1’11'}2 Strongly convex quadratic problem
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z Az —b' 2 + ¢, where A € ST .
z€RC zeRd 2 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A=QAQT @Tu =T 0\’Y 07'0"
Q=3

X2
°

-

X2
°

‘f -+ ].".}I; Strongly convex quadratic problem
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z Az —b' 2 + ¢, where A € ST .
zcRd zeRrd 2
® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A=QAQ" nobopdT + eﬁ@u\’

® | et's show, that w oordinates in order to make an analysis a
little bit easier. Letl & = QT (x — z*),|where z* is the minimum point of
initial function, defined by Az™ = b. At the same time =z = Q% + z~.

f(@) = %(Q:i: +2°)TAQ2 + ") — b (Q + z7)
= %@TQTAQi + ()T AQ# + %(x*)TA(x*)T —-0'Qz —b" "
Ll

=3 A%

W

‘f -+ ].".}I; Strongly convex quadratic problem
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Polyak Heavy ball method

Trajectories witl h Contour Plot

Let’s introduce the idea of momentum, proposed by Polyak in 1964. Recall that the
momentum update is ? Koo® utt

pe Ao Q/Vf»(:: . x(kwﬁ%
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Polyak Heavy ball method
Trajectories with Contour Plot Let's introduce the idea of momentum, proposed by Polyak in 1964. Recall that }l\e

o Gradient Descent with step 3.56-01 s .
Gradient Descent with step 3.5¢-01 ==————y momentum Update 1S ’\_7 (Xb = (/X\k I\yk

E R St v
Tht1 = Tk — aV f(zk) + B(zk — Tr—1).

Which is in our case is

Tht1 = Tk — alAZy + ﬂ(i’k — Lfkfﬂ = ([ — ol + ﬂ])i’k — Bak—1

Trajectories with Contour Plot
~e— Heavy Ball with o 3.5e-01 and B 3. ue-ol§

4 Start Point
Optimal Point

‘f -+ 1’1'211 Strongly convex quadratic problem 0 O
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Polyak Heavy ball method

Trajectories with Contour Plot

-

Tk

Gradient Descent with step 3.5e-01 \§
Start Point
Optimal Point

Trajectories with Contour Plot

-

Tk

Hoavy Ball with a 3.50.01 and B 3.00-01 ]
Start Point =
Optimal Point

R f— min

Strongly convex quadratic problem

Let’s introduce the idea of momentum, proposed by Polyak in 1964. Recall that the
momentum update is

Tht1 = Tk — aV f(zk) + B(zk — Tr—1).
Which is in our case is
Tpt1 = Tk — @&k + B(Er — Tr—1) = (I — aA + BI)E — BEr—1

This can be rewritten as a follows

KA
Trt1 = (I —al + ,BI)QA?k — ,32319_1, M
i = 2. -Za
_ <
Let's use the following notation 2, = x;;:l . Therefore|2x+1 = M Zx | where the
iteration matrix M is: ) )
o _ (%
A [T ah+BI —1] Ze- = | ¥
1 0aq |- Kig—t

0 O
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Reduction to a scalar case

Note, that M is 2d X 2d matrix with 4 block-diagonal matrices of size d X d inside. It means, that we can rearrange
the order of coordinates to make M block-diagonal in the following form. Note that in the equation below, the
matrix M denotes the same as in the notation above, except for the described permutation of rows and columns.

We use this slight abuse of notation for the sake of clarity.

‘f -+ ].".}I; Strongly convex quadratic problem
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Reduction to a scalar case

Note, that M is 2d X 2d matrix with 4 block-diagonal matrices of size d X d inside. It means, that we can rearrange
the order of coordinates to make M block-diagonal in the following form. Note that in the equation below, the
matrix M denotes the same as in the notation above, except for the described permutation of rows and columns.

We use this slight abuse of notation for the sake of clarity.

_f[\,‘l(cl)_ i

&
. ~(1)
4@ Ty M, M
_)
(’i) — : M = 2
j‘: - Py
k.—l f;@ M,
: A (d)
- (d) [Tr—1]
L Lk—1]

Figure 1: lllustration of matrix M rearrangement

where :f:,(:) is i-th coordinate of vector &5, € R? and M; stands for 2 x 2 matrix. This rearrangement allows us to
study the dynamics of the method independently for each dimension. One may observe, that the asymptotic
convergence rate of the 2d-dimensional vector sequence of Zj is defined by the worst convergence rate among its
block of coordinates. Thus, it is enough to study the optimization in a one-dimensional case.

‘f -+ ].”.}I; Strongly convex quadratic problem
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Reduction to a scalar case \ T2NeP6 ‘aomz:gb Lo
CXopotab MY m%)( l>\ A% (N\> KOO o
For i-th coordinate with \; as an i- tk elgenvalue of matrix W we have: ﬂ

Q(N\):‘WS»\L\XV\ Mi_{laixﬂrﬁ /3]. \Lk*s _,M-\' »ﬁ\gl

0 )(u - v

The method will be convergent if p(M) < 1, and the optimal parameters can be computed by optimizing the
spectral radius

o, " = argmin max

N A N AN
awew“’% “ S VErvar]|” _< )

VL + /i

It can be shown, that for such parameters the matrix M has complex eigenvalues, which forms a conjugate pair, so
the distance to the optimum (in this case, ), generally, will not go to zero monotonically.
i acuss,
oxop-
¢ X

it 900

‘f -+ ].”.}I; Strongly convex quadratic problem
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Heavy ball quadratic convergence O(L‘E(N\’ A 1) e

We can explicitly calculate the eigenvalues of MZ/

AM My ([L-adi+ B =B J1+B8-aX£/U+B—0al)>—48
1,72 — 1 0 = 3 .

When « and S are optimal (a*, 3*), the eigenvalues are complex-conjugated pair

ie B> (1—VaX)?

L+p—=2N m(}\M)::tQ (L= A)Ai —p), oo Low -
VL+ym? WLty T VIt ye?

And the convergence rate does not depend on the stepsize and equals to /5~ —\_—I Q '
y% ((‘f«ﬁ'\ Gl
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems

® |ocal accelerated convergence was proved in the original paper.
E—
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems
® |ocal accelerated convergence was proved in the original paper.
® Recently was proved, that there is no global accelerated convergence for the method.
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Heavy ball method summary

Ensures accelerated convergence for strongly convex quadratic problems

Local accelerated convergence was proved in the original paper.

Recently was proved, that there is no global accelerated convergence for the method.
Method was not extremely popular until the ML boom
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Heavy ball method summary ENSTRS H?) ) NA G

Ensures accelerated convergence for strongly convex quadratic problems

Local accelerated convergence was proved in the original paper.

Recently was proved, that there is no global accelerated convergence for the method.

Method was not extremely popular until the ML boom

Nowadays, it is de-facto standard for practical acceleration of gradient methods, even for the non-convex
problems (neural network training)
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Nesterov accelerated rad

q&%ﬂ

T s

\x’db xk+1 T — OéVf(ZCk) (GD)

X»"’&/ Tkt+1 = Tk — Och(iEk) + ﬁ(wk - mk—l) (HB)

Yoo Xt

{ym i+ Bxr — Tr-1) ((\9{3} (NAG)

Tht1 = Yrt1 — OV f(yria)

e = Yo T Bl v (’“‘*7’(’“‘1 e (2!

Set

‘f -+ 1’11'}2 Nesterov accelerated gradient 0 O 8


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mipt23.fmin.xyz
https://github.com/MerkulovDaniil/mipt23
https://t.me/fminxyz

Nesterov accelerated gradient

Tpt1 =k — oV f(zr) (GD)

ﬁékﬂ. = Xk‘v(k-l
i1 = ok — aV (@) + Blwr — we-1) N = X ™ Jsvf(“) "\%U‘Hl (HB)

{yk+1 =z, + B(zk — Tr—1) (NAG)

Try1 = Yrr1 — &V f(Yrt1)
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Nesterov’s Accelerated Gradient Descent on L-smooth convex function
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Problem setup: smooth unconstrained convex optimisation
Nesterov's accelerated gradient descent (NAGD)

1
Proving NAGD converges rate O (k—2>

Summary


Daniil Merkulov

andersen.ang@soton.ac.uk

Problem setup: smooth unconstrained convex optimisation Gradient Descent (GD)

(P) : argmin f(x). > Notation
x
fre = f (k)
» We consider Euclidean space ! @)
> f:R* - R » GD: start with initial point g9 € R", iterates
» fis L—smooth Ty =xp — apVf(zg).
> fis colntinuously differentiable For sufficiently small stepsize (o) < %) the
fEC ie, Vf(z) exists for all & € dom f sequence {xy }rcn converges to a stationary
> Vfis L-Lipschitz k
IVs(@) -V i@l point of f
L > 0 is the least upper bound in ”mwfyuy <L
I As f is convex, the sequence converges to
Va,b € domf : f(a)— f(b) <(Vf(b),a—b)+ 5||a, - b3 . the global minimizer x* (if exists).
» fis convex all local minima of P are global minima » GD convergence as fi, — f* < @(l)
- k

(Va € domf)(vy € domf){f(y) > (@) +(V/(@),y — @)

» Details of convexity, L-smoothness, see

2/10
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Nesterov's Accelerated Gradient Descent (NAGD) (P) : min f()

» Start with initial point yo = &g € R™ and \g = 0, iterates

Gradient updatd yry1 =x; — %Vf(wk) COV\V QX 1)

Extrapolation| xr11 = (1 —Y&)Ygk+1 + VEYk (2)
1-A
Extrapolation weight) v = k 3)
Ak41
1+ ,/1+4X2
Extrapolation weight | A\, = —9——"— (4)

2

1
Note that here fix stepsize is used: aj = ZVk.

» Theorem. If f:R™ — R is L-smooth and convex, the sequences {f(yk)}k produced by NAGD converges to the
optimal value f* at the rate O (%2) as 7

2L||xo — :c{H%

k2 ’

flye) = f* <

1
» The convergence rate O(—Q) is optimal. l.e., no 1st-order algo. can perform better than NAGD in terms of
convergence rate. All 1st-order algorithm can only be at most as good as NAGD.

» If f is nonconvex, the sequence {f(yk)}k produced by NAGD converges to the closest stationary point with the
same convergence rate. 3/10
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NAGD converges rate O ( ) proof 1/6 Stage 1: make use of convexity & smoothness

>

v

£ e (Yavy) {f(y) > f(@) + (Vf(@),y — @)} gives

—f() £ —f(=) +(Vf(z), = —y) ‘/

f L-smooth (VaVb){f(a) — f(b) <(Vf(b),a—b) + %Ha - bug}  witha = @ — %Vf(a:),b =,

P - Y5@) = @) < ~TIVI@IE + o= IVF@IE = V5@

(5) + (6) will cancel — f () and give
i(o - £V5@) - f@) < SZIVF@IE + (Vi) @~ v).
Put® = xp, y =" in (7)
1 * —1 2 *
Fan = LVI@0) = £ < So V@l + (VS (@e), @ — 7).
put @ = @y, y = y in (7)

P2 = 295 @0) — ) < S I9F@OIE + (V@) mh — ui).

9)

Proof overview: (8) (9) link f(yk+1), f(yr) and f*. We see V f(x) appear in (8), (9) but not in the convergence result, so we

eliminate V f(ay) in (8), (9).

4/10


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov


Proof 2/6 Stage 2: eliminate gradient

P Simplify notation, let &y, := f(yx) — f~, then

7 (e~ 7V (@)
7 (e~ 7 Vi) -

7 (on = V@) - Flun)

Vf(zr)
IV f(zi)l13

> Put (11,13,14) into (8)

1
Ykt1 = @ — va(‘”k>

. 1os o —1 2 .
(o = — V@) 17 < EIVI@OIG + (Vi @), =) — =),

1 —1 2
He = S VF@0) = Fw) < gEIVI@0I3 + (T @0, 25 — i)

(1)
(8)
(9)

= f(yr+1)
(10),5, S
1
= S - pVi@)) — 1 = (Fw) - 1)
= Op+1 — Ok
(2 7L(yk+1 - mk)
(13)

2 2
= L |yk+1 — 2xll3

L
Ok+1 < *EHka — @xll3 — L{yrs1 — Tk, Tp — ).

> Put (12,13,14) into (9)

L
Spt1 — 0 < _EHyk+1 — x5 — L{ynt+1 — Tr, T — Yi)-

(10)

(11)

(12)

(13)

(14)

(15)

(16)

5/10
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. A o= (4 1) (4)
Proof 3/6 Stage 3: form telescoping sum Skt “Llygr - @2 - L(ypgs -, @ — @) (15)
Spt1 — Ok ~Lllygsr — =kl - L(ygsr — =5 = —wg)  (16)

ININ

P Tricky step: consider (15) + (A — 1)(16).

Left-hand size of (15) + (Ag — 1)(16) = 5k+1 + ()\k — 1)(5k+1 —0k) = >\k6k+1 — (A — 1)dg.
P Right-hand side of (15) + (Ax — 1)(16)

L 2 * —L 2

-3 lyr+1 —zxllz — L< Ykt1l — Tk , Tk — T > + (A —1) - lyrt1 —zells — L< Ykt+1 — Tk , Tk —yk>
AeL .

——5 My —ai3 - L< Y1 — Tk, T — 2 + (Ap — 1)(zp *yk)>

AL 2 *
= - lyr+1 — xxll5 — L<yk+1 — g, Az — (A — Dyp — >

A L .
» By LHS = RHS Apdps1 — (Ap — 1)0x < — 2HyHJ—mwg—L<m+yﬂm,M@k—Qk—lwk—m>.

Multiply the inequality with Ag:

AL 5 .
5 lypr1 — ks — >\kL<yk+1 — @, A — (A — Dyr —x >

L
2

Adkr1 = A =18 < =

(Ai”yk+1 —zll3 + 2)\k<yk+1 — @, Ak — (A — Dyr — CB*>> (#)

> (4)gives (2Ai, —1)2 =14+4X\7_, <= 4] 4\ +1=1+4X]_, <= A?_, =Xx(\y — 1), put this into (#) gives

. L *
Aedp1 — Aj_ 85 < -3 (Ai\|yk+1 — i3+ 2>\k<yk+1 — @k, M@k — (A — Dyr — >> (17)
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%(1+ /1+4>\%71) (4)

L
Ao — Ap(Ap — D6, < —g<>\i||yk+1 — @l + 236 (Vg1 — s Ae®p — (g — D — m*>> (17)

Ak

Proof 4/6

P Inspecting the inner product in (17) we see that it is completing squares (Thanks to Tony Silveti-Falls for figuring it out, 2023 Nov 3).
2 2 2 2
[Aa +bll5 = A?|lall3 +2x(a,b) + [[bll; <= A®[lall3 +2)(a,b) = [[Aa + b]|5 — [|b]l3.
Mellvers — zkll3 + 226 (yrr1 — Tk, Meze — Ak — Dye — ™)
= A wrsr — =)+ Apme — Ok — Dy — 2|2 — [ Aeze — Ok — Dy — 2|2
= [Meyrtr — Ok = Dye — 2|5 = |Meze — Qo = Dyi — 27|13

P Using this (17) becomes

L « *
Medirn = A0k < =5 ([Mewiss = Ow = Dye = 27[[3 = [Ms@e — (O = Dye —2°[[3). (18)
> We have Mgz, — (A — Dyr = (1 = Ap—1)Yr—1 + Ap—1Yk.
. (3) 1=xp
Proof: ~, = Nerl . . . . .
By (2) @ht1 = (1 = vk)Uk+1 + VeUr gives Tiy1 = Y1 + Yk (Uk — Yrt1), multiply with Appq gives
Ak+1Tk+1 = Ak+1Yk+1 + (Y — Yk+1) = Aet1Yrt+1 + (Yk — Yr+1), rearrange gives
)\k+1:vk+1f)\k+lyk+1 = (1 — /\k)(ykfyk+l), add Yr+1 On both side gives
AMet1Zh+1— (A1 — DYr+1 = (1 — Ag)yr + A\yr+1. Move counter k by —1 gives the result.
So (18) becomes
A 2ose < —E(a A — 1 “II2 “II2
D T ~a2).
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Proof ... 5/6
L « *
We have /\i5k+l - Ai,ltsk < -3 (||)\kyk+1 - (A —Dyr — = ||§ | = X )Yk—1 + A1y — ||§>

Rearrange the second term to make the terms in right-hand side have similar form

L * *
Abpa1 — A2 6 < -3 <||/\kyk+1 =k = Dye — |2 = | Xec1yr — Q1 — Dyp—1 — = H;) (19)
Let up = Apyr+1 — (A — 1)y — @™ so Ag—1yr — (Ak—1 — 1)yr—1 — & = up_1 and (19) becomes
Morsr — A2, < =& (el = llew-1li3)
)\?52 — )\361 < —% Hulﬂg - ||u0\|§ case k =1
A3ds — 226, < —L(fluall? - w3 case k= 2
A1k — Ak _o0x-1 < =& (lux-1l3 - ||UK—2H§) case k = K — 1
AL 8k — A28 < L (llux-1l3 - luol3) sumk=1tok =K —1
= L(luwol3 — llux-113)
< Zluoll? lur—1l3 >0
. 2o=0 -
By definition, Ao = 0, yo = ®o, uo = Aoy1 — (Ao — 1)yo — =~ = yo —x* Yoo xo — x*, thus

Li|ao — |3

A6k < EHmOAfw*HQ = dx <
K-10K =7 2 K=o
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Proof ... 6/6

Lemma. \p_1 > £
Proof (by |nductlon)

P Case k = 0and \g = 0. It is trivial 0 > 0/2.
» Case k = 1. By definition,

14, /14422
)\k = =

¢ 2

1+Vitd 07 _ k
2 - 2

» Induction hypothesis: assume \,, 1 > .

> Casek=n

A =

L+ /1+4(3)°

1+ /1+4X2_,

2

5 [Induction hypothesis]

14++v1+n2
2
14 vn?

2
1+n
7

O

k
With A1 > 3 so

1
AR

4
< -
1k
Lllzo — x*||2

“llz
5 becomes
)\K 1

Therefore dx <
flyr) = f* < 7
where f(yk) — f" =: k. O

Rename K as k gives

flye) — f* < o

complicated

This ¢ highly-involved  proof is now completed.

non-intuitive

2L||zo — =" ||3

2L||zo — 2|3
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Last page - summary

For unconstrained convex smooth problem
(P) : argmin f(x)
x

with f : R™ — R being convex, L-smooth, the NAGD algorithm starts with initial point g = yo € R™ and Ao =0

and iterates the following:

1
Gradient update  yr41 =xp — Evf(mk)

Extrapolation @p11 = (1 —Yk)Yk+1 + VeYk
1—A
Extrapolation weight Vi = k
Ak+1
T4 /14427,
Extrapolation weight Ak =

2
h duced will h imal f* der of O !
the sequences {f(yk)}kEN produced will converges to the optimal f* at order o w2 as

2L[jxo — *|13

fw) - £ < 0

End of document
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https://angms.science/doc/CVX/fista_convergence.pdf

Nesterov’s accelerated gradient method

on m-strongly convex L-smooth functionconverges at O(exp \7—%)

Content

Andersen Ang

ECS, Uni. Southampton, UK
andersen.ang@soton.ac.uk Do(z) = f(mo) + %Hw — @13

Nesterov's estimate sequence

Homepage angms.science

Bpir () = <1 - %)m@ + % (fm.) +H(Vi@) @ —ai) + Sl - mk|\§>

Version:  July 21, 2023 1\"
First draft: August 2, 2017 Lemmal (@) < f@)+|1- va ®o(@) — f(@)
Lemma 2 V2®y(z) = ml,

Lemma 3  f(yx) < @} = 1?2]%1}1 Py (x)
Lemma 4 v, —zr = VQ(zkr — Yk)

L
NAG convergence rate f(yr) — f* < (m +

—k
5 llzo — =" [13) exp —=

V@
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andersen.ang@soton.ac.uk

Problem setup: unconstrained strongly convex smooth optimisation

(P) : arg;nin f(x).

»  We consider Euclidean space

» f:R™ — R is L—smooth

» £ is continuously differentiable fecCt ie, Vf(x) exists for all x € dom f
v -V

> Vfis globally L-Lipschitz L > 0 is the least upper bound in W <L
T —y

> (Ya € domf)(¥b € domf){ f(a) — f(b) < (V/(b),a - b)+ §||a - bli3}

» f:R™ — R is m-strongly convex the global minima of P is unique

P> fis convex all local minima of P are global minima
> (Ve € domf)(Yy € domf){/(¥) 2 f(@) + (VI(2),y — @)}
P f is m-strongly convex
> f(z) — %Hm“% is convex
P Details of L-smoothness, convexity, strong convexity, see
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https://angms.science/doc/CVX/CVX_alphabeta.pdf

Gradient Descent (GD) (P) : min f()

P GD starts with initial point £y € R"”, iterates

Trpp1 = xp — mpVf(xk).

If stepsize is sufficiently small (my < %) then {@ }ren converges to a stationary point of f.

» f convex = {all local minimizers are global} {xr}ren — a global minimizer ™ (if it exists)
P f strongly convex = {unique minimizer} global minimizer & is unique (if it exists)
. * * L
» Notation f* = f(x*) and Q = —.
m
. " 1 . 1
» If fis L-smooth and convex, f; — f* < O(E> convergence rate on {fi }ren is O(E)
» If f is L-smooth and m-strongly convex, fi — f* < O(exp %“) convergence rate on { fi }ren is O(exp %)
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https://angms.science/doc/CVX/CVX_GD_Convergence.pdf
https://angms.science/doc/CVX/CVX_GD_ConvergenceStronglyconvex.pdf

Nesterov's accelerated gradient (NAG) method (P) : min f()

If fis L-smooth and convex If f is L-smooth and m-strongly convex
- Fi VR -1 h _ L
Algorithm 1: NAG (for convex smooth f) e = ey where @ =
1 Initialize g € R™, A1 =1 N
2 while not converge do Algorithm 2: NAG (for strongly convex smooth f)
3 1 Initialize ¢ € R™
_ _ Vi(xk) 2 while not converge do
Ye+1 = Tk - —_—
Trr1 = (1= Ye)Yr+1 + Yk
L= y = w2V
Ve = k+1 = k= = k
A1 L
14 /T+4x2_, T (1,@> wra+ YO L
L e o= ——— ' Va3t Va1t
Theorem The sequence {f(mk)}keN produced by NAG on Theorem The sequence { f(xy)}ren produced by NAG on m-strongly
convex L-smooth function satisfies convex L-smooth function satisfies
1 - m+ L 2 ( —k )
_ _ ) — < Ty — T — .
-1 < () fue) = 1 < P m - Fexp (5
This pdf: prove this.
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https://angms.science/doc/CVX/CVX_NAGD.pdf

Convergence rate of NAG - proof idea: Nesterov's estimate sequence

P There are a few ways to prove the convergence of NAG.

P> A way is to use a non-trivial technique known as the Nesterov's estimate sequence.

> Consider a sequence of function {®x ()}, .\ that

P & (x) has a general structure with “parameters” varies with iteration k.
» &y (x) is based on f
» &y (x) is m-strongly convex

P> Py (x) can be defined as

Po(@) = f(@)+ T llw — woll3
(@) = <1—%)mmw%(f(m)ﬂwmw,m—m+%Hm—mku3)

of the theory of Nesterov's estimating sequence.
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https://angms.science/doc/CVX/NeterovEstimateSequence.pdf

Understanding Nesterov's estimate sequence

Po(@) = fl@o)+ o lle — w03
Dpyi(z) = <17%>¢k(m)+%(f(wk)+<vf(wk),w*wk>+%Hm*wkﬂg)

» &, (x) is based on f
» Py (x) is m-strongly convex
» Py () varies with iteration k.
P> We can see 1 is in the form @51 = (1 — X)a + Ab.
P> P4 is a convex combination of @, and the 2nd-order Taylor approximation of f at xy.
> @Q =1 <= the level sets of f is circular: & is more like the Taylor approximation
In fact by definition of NAG, if Q = 1, there is no acceleration and NAG reduces to GD.

In this case GD should solve the optimization problem in 1 step.

> Q> 1 <= the level sets of f is elliptic: ®1 is more like previous @y
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https://angms.science/doc/teaching/GDLS.pdf

The derivatives of Nesterov's estimating sequence

Po(@) = f(@0)+ 3 llw - o3
Dpyiq(x) = <1 - %)«bk(m) + % (f(mk) +{Vf(®r), ® — ) + %Hw - wk\lé)
P> With respected to @, the gradient and Hessian are

Voo(x) = m(x—xo) (1)
Vido(z) = mlI, (2)
Vo, (z) = (174L>V¢(mf+J?<Vﬂm)+'(mfm)) 3)

k1 = Jo k 7o k) +m k
V204 (z) = (1 - %) V3P () + %mln (4)

P In other words,
P> P4 is a convex combination of @ and the 2nd-order Taylor approximation of f at xy.
> V&, 1(x) is a convex combination of V& (x) and V f(xy) + m(x — xy).

» V2®; () is a convex combination of VZ® (z) and mI,,.
In fact we are going to show V2<I>k+1(m) = mlI, in Lemma 2.

P In fact the derivatives of @ plays an important role in the whole proof.
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O (x) with £ =0,1

[ ((l!)

21 (x)

1 1 m
Bpyr(e) = (1 — o (x) + — ( (=) + (V(xp) @ — +—Hm—mu2>
k41 ( \/@) k \/@( k) +( k K+ kllz

F@R) +(Vi@p) e —ap) + e = zpl3 < f(=) Ve, 2y £ is m-strongly cvx

m
fl@o) + Sl — oll3

(1 - %)%(z) + 75 (f(wo) +(Vf(zo),® —mo) + fll-z' - mo”z)

= f(=) + <17%>¢>0(w)+ \F<f(mo +(V£( mo),wfmo>+f|\w7wol\2> —f(x)

1
VaQ

IN

f(z) + <17 )<I’o(m)+

_ +<1
_ +<1

7ol®) f(z) — f(=)
1
Do (x) — ( ﬁ) f(=z)

o)
) (orer=re)

E\H 3\
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O (x) with k = 2

IN

IN

IA

1 1 m
@ () = (1 — — |@p (=) + — | f(=p) + (VF(zp), @ — xp, +—Hm*mH2>
k41 ( J@) k \/Q( K+ k k) k2

Fap) +(VH@p) = — =) + = = zpll3 < f(=) Vo, 2y 7 is me-strongly cvx

m
f(@o) + iz - @oll3

o)+ <1 - %) <<I)o<m> - f(w)>

(1 - %)wm) + % (f(ml) + (Vi@ @~ 1) + ol aslu;)

(=) + (1 - f@) + (V@) 1) + e —mﬂé) (@)

1
Q1 (x) + ﬁw* f(=z)

1 () — (1 - %)f(m)

<¢> (@) - f(fc))
7a)(

1\?
1- > <<I>0(a:)—f(m)> = flz) + <1—ﬁ> <<I’0(m)—f(m)> 02
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® MV*(LHLJ¢<M+AL(NI)+Wﬂw)wfm>+zmm*mHﬁ
Lemma 1 k+1 = Nol k o Vo k k/s k 2 k2
F@g) + (Vi@y), @ — o) + Sl 2,2 < fle) Ve, 2, f is m-strongly cvx
Po(@) = flwo)+ 3 llw — o3
ei(@) < fl@)+ (1 - %) (%(w) - f(m)>
1 2
Da(x) < f(=)+ (1 - ﬁ) (‘I’O(m) - f(m)>
Lemma 1 For all k € N = {1, 2, ...},
1 k
Or(z) < f(z)+ (1 - ﬁ) (‘Po(m) - f(m)>»

Proof by induction

P Based case is already proved.
P> For case k + 1, repeat the procedure on deriving ®2 and make use of the induction hypothesis.
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m 2
@o(xz) = f(mg) + —ll@ —=gll5

Lemma 2 V2@, (x) = mI,

Pppy(e) = (1 - % D () + % <f(wk) +(V(ep), @ — @) + gllw - mkH%)
Proof by induction
> Base case k = 0
V2®(x) = mlI,, by definition.
» Induction Hypothesis V2®; () = mI,
> Case k+1
i (@) - — (@) + — ( F@n) + (V5 @) Y+ Dl — ) by definit
k+1( = —_ — k(T Ry T L), T — T — || — Tk y detinition
VaQ VQ 2 2
V23841 (x) (1 ! ) V3, () + LI
k1 - —= k —=mly
VQ VQ
(1 ! ) I, + ! I induction hypothesi
= — — | mI,, + —mlI, induction hypothesis
e v ot

I
3

™
O
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Qo(x) =
o =
Lemma 3 f(yi) < @; = 5161]%1% Dp(x) ... 1/7 _—
fla)—f() <
Proof by induction
» Base case k =0 m
oy = Join, Qo (z0) = Inin, f(wo)-&-?HfE—mng = f(=0) = f(yo)

» Induction Hypothesis f(y,) < ®

m
$(@o) + 1@ - woll3
Yo

1
T) — va(fﬂk)

(Vi(b)a~b) + 3 lla~ bl

estimate seq.

NAG def.
NAG def.

L-smooth

» Case k + 1 Consider f(yr+1) and L-smoothness of f

flyr+1) <

L
f(xr) + (Vf(Zr), Yrt1 — Tr) + §|\yk+1 —x3

F@w) + (Vf (@),

e

NAG update

1 1
fl=r) - ZIIVf(wk)Hg + ﬁ\lvf(wk)\lg

1
flzr) — EHVf(mk)Hg

1
Now for shorthand notation we will let g := EHVf(:ck)H%, we have f(yr+1) < f(xr) — 9.
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Lemma 3 ... 2/7 flye) 2 f(xr) + (Vf(xr), yx — k) f convex

flye) < @ Induction Hypothesis
» From f(yr+1) < f(xr) — g, two tricky steps to create (1 — %)
flykt1) < f(mk)*f\(;%> + ff/mg) -
o1 f@w)
= (- Glfe+ 5
_ 1 1 1 f(=r)
= (1*ﬁ)f(mk)*(lfﬁ)f(yk)Jr(l*ﬁ)f(yk)Jr Nl
1 1 f (k)
= (1= ) (@ —s@) + (1= Z5) e + = 75—
< (1 - %) (f(wk) - f(’.'ﬁc)) + (1 - %)’1’,‘; + %f(wk) —-g induction hypothesis
< (1— %)(\/V/'(l’ﬁ)vwﬁ 7y/,>+ (1— \}Q)sz-k%f(wk)—g f convex
F) < (1- %)Wf(mk),mk —u) 4 (1o %)@2 + %f(mk) —g (now we have)
P Recall our goal is to show f(yr+1) < <I>Z+1, we can try to show
(1 - %)<Vf(mk),mk — yk> + (1 — %){)Z + %f(mk) —g < <I>Z+1. (what we want to prove)

This is what we are going to do in the next 4 - 5 slides. 13 /22
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Lemma 3 ... 3/7

> Now consider ) (x). Lemma 2 V2@ (z) = mI, implies @y () = O} + 2|l — vil|3 for some v, € R™ implies

1. V&p(x) = m(x — vi)

2. ®y is minimized at vy, which implies V& (v) = 0
3. Points 1,2 work for all k, including k + 1

4. From fbo(m):f(:no)—i-%ﬂcc—a:oﬂg,ug =x

» By definition of ®j_1(x) in Nesterov's estimate sequence

Dpyi(x) = (1 - 7>‘I>k(m) + % (f(mk) +(Vf(xr), z —m) + %Hm - wk“é)
1

V@

= (1 — —Q) m(x — vi) + % (Vf(:ck) + m(x — a:k))
0

V<I>k+1(n:) = V@k(m) + (Vf(ack) + m(a: — (l!k)>

V&1 (Vet1) = m(Vgpy1 — Vi) + L <Vf(mk) +mWry1 — mk))

VaQ
(2) & (3) gives V®py1(Vp+1) =0
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Lemma 3 ... 4/7 (jUSt some algebra) (1 - %)m(wﬂ —vg) + % <Vf(mk) + m(vkt1 — mk)) =0

(1—%)(Vk+1—uk)+%<%+(uk+l_mw> - o0
A 1_L Vk+1 — 1—L Vk"!‘il/k 1-‘:—L Vf(mk)—:mc = 0
Q)" Va T G\ Tm
Now
— 1y, .1 Vf(zk) .
e = (1 m)”m(" m ) 5)
— U1 = _(1_%>Vk— 1 < Vf(mk))
— T — v —w—l—iu_1w+i (wk)
k k+1 = k N ol Y o hivioi
1 Vf(xk)
- (1_ﬁ>(mk‘”k)+ e
’ v ) - T 2
= o -l = (1—%) nmwuknzm(lf%y f(””’;jlg ”’“>+“Vﬁfzé)”2
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< 2 v s — v, 2
Lemma 3 ... 5/7 2 — vigalls = (r%) |\mr,,k“§+2(1,ﬁ>< f(:c,;if@k k) n I\an(;cé)llz

» Now consider ®j, 1 (x) evaluate at @, from = in slide 14 we have

Bppa(mr) = Prq+ Blloe —vepall3

2 o 2
= o+ %(1 - %) s — vell3 + <1 - i) (V@) @ —e) | IVS @03

Q VaQ 2mQ
m 1 2 1 Vfi(xr), xr — v
= ®Z+1+5(1_ﬁ> Hwk—VkHS""(l—ﬁ)%*‘g (*)

by using the fact mQ = L and g = 51 ||V f(zx)]l3.
P By definition of ®j_1(x) from page 5, ®p41(xy) is

Bpa(wn) = (1 - %)mm + % (f(wk) +(Vf(@h), 2

= (1 - %)i’k(mk) + %f(mk) (%)

Tk wk>+ \151\ @ 13
T :/0—/

> (*) = (**) gives

2
* m 1 2 (Vi(@r), zp — Vi) _ 1 1
¢k+1+?(17ﬁ) lee — vellz + <1*E)T+Q = (1*ﬁ>¢k(mk)+ﬁf(mk)

16 /22


Daniil Merkulov


Lemma 3 ... 6/7 |« :,ﬁ<1,;>2 _ 2,(1,;)M, +<1,;>¢ L
/ RHLT T g e vkl va va g g )R g e

By @y (x) = ®f + ||z — vyll3  (slide 14)

Hence _% <1_%>2Hmk—uk”§_<1_%)W_g

S G Y

Simplify the term

o1, = %(k%)rzumww&(lf%) <Vf(mk),wk—uk>+(lfi> or gy L@

To proceed, we need lemma 4.
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Q = £ def of Q
Lemma 4 v, — x; = /Q () — yi) Yepr = @ — L2 NAG def (1)
Tpyr = (1 + r+1) k41 — Y1y, NAG def (2)

Proof by induction
» Base case k = 0 is true by ¢ = yo hence vy = x¢.
» Induction hypothesis v, — ), = VQ(xr — Yi)

» Case k+1
\Y%

Vi41 ® <1— LQ)uk-‘r%( — T(nmk)>
_ BT WS I GRe) 7 (C79)
= (1— Q)Vk+\/@< k i ) def of Q

Vi1 —Thy1 = (1 - %)Vk + % (wk - W) —Tk41
= 1— %) (a':k +VQ(x) — 'yk,)) + %wk — \/ijféwk) — @®r41  induction hypothesis
v

= J@(mk— féwk))—(\/@—l)yk_mk+l
= VQurt1 +(VQ+ 1)zpi1 — 2v/Qurt1 — Tht1 NAG def (1) NAG def (2)

= VQ(®k+1 —yr+1) O
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Lemma 3 ... 7/7

The proof of Lemma 3 stops at

Lemma 4 vy, — @ = \/Q(zr — Yr)

ol (10 L) Lk v) (LY S0

*in = 505 (1 75) 7a Vo) Va

By lemma 4 we have

Recall (slide 13)

1 1y, 1
flyrs1) < (1 — ﬁ)<vf(mk),mk — yk> + <1 — ﬁ)ék + ﬁf(wk) —g (now we have)
now we have
By a = ‘I>2+1 = + > > f(Yk+1), we have proved for the case k + 1 that f(yr4+1) < <I>z+1.

>0
" By induction, Lemma 3 is now proved. [
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Proving NAG convergence rate

» Theorem f(yi) — f* <

» Proof

flye) = f~

m + L
2

IN

IN

IN

IN

=k
lzo — 2" 3¢ V@

O (z*) — f*

f@)+ (1= J5)" (®o(@®) - f(@)) — 1

(@0 (:l‘:*

1) (- e

Lemma 1 @444 () < f(x) + (
Lemma 3 f(yx) < @5 Vk

I
=75

) (®o(@) — f()) VK

f L-smooth f(a) — f(b) < (Vf(b),a —b) + L|la —b|3

Vi(z*) =0

k

(Fo) — £+ 2lwo —213) (1 - )"

. N k
(V1@ o — &) + £lleo — 2”13 + Zllzo —2"113) (1 - 75)

m + L

m+ L
2
m+ L
2

lzo — 213 (1+ (- )"

k
lzo — 2113 (exp(— 7))

lzo — @[3 exp (

V@

iy

lemma 3

lemma 1
f(z™) = f~
Def. of o ()
f L-smooth
V(") =0

14+z<e”
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Discussion

>

If we stop the algorithm when e-accuracy is achieved

n LH *“2 ( k) <
xrog — ex
2 0 2 P ﬁQ >

Re-arrange

1
k > +/Qln — + constant.
€

1
l.e. it takes O(\/Q In 7> steps for NAG to converges.
€

1
Compared to GD with rate O(Q In 7), the improvement Q — /@ is significant as m can be viewed as regularization parameter in
€

various machine learning model (norm regularized) and % can be as large as sample size. Here the number of step reduced from

sample size to v/sample size.
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Last page - summary

P For unconstrained smooth strongly-convex problem mir}z f(x), with f : R™ — R being L-smooth and m-strongly convex, the NAG
z €R’

algorithm iterates the following :

1 Va-1 Va-1 L
—a),——V : 1= (1- Y= T ==
Ykt1 =@k~ fzr) Th41 ( \/@+1)yk+1+ \/@+1yk Q o
with initial point o = yo € R™, will produce a sequences {f(yk)}kel\' that
« m+ L 2 —k
Fwn) — 17 < o @ Fexp (5 ) -
: va

End of document
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