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Non-smooth convex optimization lower bounds
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® Subgradient method is optimal for the problems above.
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® Subgradient method is optimal for the problems above.
® One can use Mirror Descent (a generalization of the subgradient method to a possiby non-Euclidian distance)
with the same convergence rate to better fit the geometry of the problem.
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Non-smooth convex optimization lower bounds

convex (non-smooth) strongly convex (non-smooth)

fa) = ~0 (%) fan)— 1~ 0 ()
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® Subgradient method is optimal for the problems above.
® One can use Mirror Descent (a generalization of the subgradient method to a possiby non-Euclidian distance)

with the same convergence rate to better fit the geometry of the problem.
® However, we can achieve standard gradient descent rate O (%) (and even accelerated version O (k%)) if we

will exploit the structure of the problem.
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Proximal mapping intuition
Consider Gradient Flow ODE:

Explicit Euler discretization:

min .
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Consider Gradient Flow ODE: p
T

dt
Explicit Euler discretization:

Th+1 — Tk _
0 = V(=)

Leads to ordinary Gradient Descent method
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Proximal mapping intuition
Consider Gradient Flow ODE:

dx
i =Vf(z)
Explicit Euler discretization: Implicit Euler discretization:
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Explicit Euler discretization:

Th+1 — Tk _
0 = V(=)
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Implicit Euler discretization:
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Proximal mapping intuition

® GD from proximal method. Back to the discretization:
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tet1 + aV f(Tr41) = Tk
I+ aVf)(zrst1) = xk

o1 =T +aV) oy =’ (I —aVf)x

Thus, we have a usual gradient descent with o — 0: zx11 = 2 — aV f(zk)

® Newton from proximal method. Now let's consider proximal mapping of a second order Taylor approximation
of the function f!!(z):
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7 (y)

min .
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7 (y)
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1 2 {
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zesS 2 \
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From projections to proximity
Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7 (y)
(y) = argmin > |z — y|2
0y = —|lz — .
s\ & zeS 2 Yil2

With the following notation of indicator function

Is(z) = {0, Tz €S,

00, xS,
/ £+ D )Xﬂ

Rewrite orthogonal projection 7s(y) as

ms(y) -= arg min *Ilfv —yl* +Is(x).
Sl
Pao%% &iéﬂgl( \\%—}3\L+ 0<\>

d=i
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7 (y)

(v) ar min1||x ||2
oy = —||lz — .
s\Y gzes 2 Yll2

With the following notation of indicator function XK‘M: PQO 35 Xk ~ (ﬁ(

0, ze€b,
Hs(m)_{oo v ¢S

ooy = PROX. (X~ &THR

1
ws(y) := arg min = |l — y||2 + Is(x).
xER™ 2

Rewrite orthogonal projection 7s(y) as

Proximity: Replace Is by some convex function!

1
prox,.(y) = prox,., (y) := argmin - |lz — y|* + r(x)

‘f‘”.ﬂ'}ri Proximal operator 0 O 7
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Regularized / Composite Objectives

Many nonsmooth problems take the form

min ¢(2) = /(2) +1(2) f() r(@)
® Lasso, L1-LS, compressed sensing +

F(@) = 514z = BB, r(@) = Aol

Smooth Non-smooth

‘f -+ ].".}2 Composite optimization QDO
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Regularized / Composite Objectives

Many nonsmooth problems take the form

min ¢(2) = /(2) +1(2) f() r(@)
® Lasso, L1-LS, compressed sensing +

F(@) = 514z = BB, r(@) = Aol

® L1-Logistic regression, sparse LR Smooth Non-smooth

f(@) = ~ylog h(w)~(1-y) log(1~h(x)),r(x) = Mol Eeu Py ( (K)
prox-frend i

‘f‘)].nﬂ Composite optimization @0 O
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Proximal mapping intuition (e(y.): —Q[X\‘[‘Y@

Optimality conditions:
0eVf(z")+0r(z")

‘f -+ ].n:ﬂ Composite optimization Q@0
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")

‘f -+ 1’11'}2 Composite optimization
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")
¥ €aVf(z")+ (I + adr)(z")
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")
¥ €aVf(z")+ (I + adr)(z")
¥ —aVf(z") € (I+adr)(z")
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")
¥ €aVf(z")+ (I + adr)(z")
¥ —aVf(z") € (I+adr)(z")
* = (I +adr)  (z" —aVf(z"))

‘f -+ ].n:}r; Composite optimization
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U
Proximal mapping intuition
Optimality conditio[:i): 5 PQD)(QS} (I ~+ JE(B@

0eVf(z")+0r(z")

0 € aVf(z™)+ adr(z")

x* € aVf(z")+ (I + adr)(z")
" —aVf(z") € (I+ adr)(z")

= (I +adr) (" —aVf"))

x
"= prox'r,a(x* - an(a:*))

‘f‘)].nﬂ Composite optimization 0 O 9
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")
¥ €aVf(z")+ (I + adr)(z")
¥ —aVf(z") € (I+adr)(z")
= (I +adr) (=" —aVf(z"))

z*
"= proxr,a(x* - an(a:*))

‘f -+ ].n:}r; Composite optimization
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")
¥ €aVf(z")+ (I + adr)(z")
¥ —aVf(z") € (I+adr)(z")
* = (I +adr)  (z" —aVf(z"))
"= proxr,a(x* - an(a:*))
Which leads to the proximal gradient method:
Ths1 = Prox, o (@x — aV (1)) \

And this method converges at a rate of O(3)!

‘f -+ ].n:}r; Composite optimization
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")
x* € aVf(z")+ (I + adr)(z")

¥ —aVf(z") € (I+adr)(z")
J;*
x*

Which leads to the proximal gradient method:

= (I +adr) ' (z* —aVf(z"))
= prox, . (z* —aVf(z"))

Trp1 = prox, o (zx — aV f(zk))

And this method converges at a rate of O(3)!

1 Another form of proximal operator

. 1
prox, . (1) = prox,(ex) = arg min [af(z) + 3 1z — ]

. 1
prox, (wx) = arg min [£(a) + 5llo — 23]

‘f -+ ].n:}r; Composite optimization

0 O
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Proximal operators examples A% ?")'\(‘6“(-51"\:—)(——’0 gw.u.u@ o £
to N 4t -X =0 L= xa
b<o =X FLTXK =0 S>TLT yn

=0 [\ AN4di-x=0 =% X€£>‘ A:l

[prox,.(x)]i = [l — Al - sign(:),

which is also known as soft-thresholding operator.

® r(x)=Alzli, A>0

"o ©0R.  PROX (x) = w«amm [V (%) + .?,)Y an
_ o«gmw{xi \)( +L 2 X, - X}] uﬂM{ZNXLF = \&)
=> MR+ E(%- xf i 0€OP

9—9 TS ARy K

‘f‘”.,',]'},ri Composite optimization 0 O 10
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Proximal operators examples PQOX,(X\ ur%mm(_\/ Xy + 5 lx—X\\a_:l

: Mﬁm& WL S x\\e]

[prox,.(z)]i = [|2s| — Al - sign(z

® r(z) =Alz|1, A>0
= 0O

'S(—f- L;{(Q"X\“b
+&B -\ =o
T = 5
{tA

which is also known as soft-thresholding operator.
° r(x) = %Ha:”% A>0

prox,.(x) = T

v
A
. 1%
®
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Proximal operators examples

® r(x)=Alzli, A>0
[prox,.(x)]i = [lz:| — Al - sign(zs),
which is also known as soft-thresholding operator.

° r(x) = %||m||§ A>0

prox,.(x) = T

° r(x) =1Is(z).
prox,.(zx — aV f(zk)) = proj,.(zx — aV f(2k))

‘f -+ ].n:}r; Composite optimization
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Proximal operator properties

Theorem

Let 7 : R™ — R U {400} be a convex function for which prox,. is defined. If there exists such an & € R™ that
r(z) < +00. Then, the proximal operator is uniquely defined (i.e., it always returns a single unique value).

Proof:

‘f‘)].nﬂ Composite optimization @0 O
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Proximal operator properties

R
PROX (X> = oxréj}\;p ¥ (R)+ 45\[% X,

NS

Theorem

Let 7 : R™ — R U {400} be a convex function for which prox,. is defined. If there exists such an & € R™ that
r(z) < +00. Then, the proximal operator is uniquely defined (i.e., it always returns a single unique value).

Proof:

The proximal operator returns the minimum of some optimization problem.

‘f‘”.,l.‘.ﬂ Composite optimization 0 O
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Proximal operator properties

Theorem

Let 7 : R™ — R U {400} be a convex function for which prox,. is defined. If there exists such an & € R™ that
r(z) < +00. Then, the proximal operator is uniquely defined (i.e., it always returns a single unique value).

Proof:
The proximal operator returns the minimum of some optimization problem.

Question: What can be said about this problem?

‘f‘)].nﬂ Composite optimization @0 O
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Proximal operator properties

Theorem

Let 7 : R™ — R U {400} be a convex function for which prox,. is defined. If there exists such an & € R™ that
r(z) < +00. Then, the proximal operator is uniquely defined (i.e., it always returns a single unique value).

Proof:
The proximal operator returns the minimum of some optimization problem.
Question: What can be said about this problem?

It is strongly convex, meaning it has exactly one unique minimum (the existence of & is necessary for
7(Z) + 1|lz — &3 to take a finite value somewhere).

R f— min @00

Composite optimization
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Proximal operator properties

Theorem

Let r : R®™ — R U {400} be a convex function for which prox, is defined. Then, for any z,y € R", the
following three conditions are equivalent:
® prox,(z) =y,

Proof

‘f‘)].nﬂ Composite optimization @0 O
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Proximal operator properties

Theorem

Let r : R®™ — R U {400} be a convex function for which prox, is defined. Then, for any z,y € R", the
following three conditions are equivalent:

® prox,(z) =,

® x—ye€or(y),

Proof

‘f‘)].nﬂ Composite optimization @0 O
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Proximal operator properties

Theorem

Let r : R®™ — R U {400} be a convex function for which prox, is defined. Then, for any z,y € R", the
following three conditions are equivalent:

* prox, (x) = v,

* z—y€Eoir(y),

® (x —y,z—y) <r(z) —r(y) for any z € R™.

Proof

‘f‘)].nﬂ Composite optimization @0 O
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Proximal operator properties

Theorem

Let r : R®™ — R U {400} be a convex function for which prox, is defined. Then, for any z,y € R", the
following three conditions are equivalent:

* prox, (x) = v,

® x—year(y),

® (x —y,z—y) <r(z) —r(y) for any z € R™.

Proof

1. Let's establish the equivalence between the first and
second conditions. The first condition can be

- 0 €A ey—X

y = arg min (r(é’:) + 1||gr: - jHQ) .
ZFERD 2

From the optimality condition for the convex g (
function r, this is equivalent to: ><" S

0€d (r(:z) + %Hxﬂz\ﬁ)’_ — Or(y) +y—a.

=y

— mi " s
‘f ].".}I; Composite optimization
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Proximal operator properties

Theorem

Let r : R®™ — R U {400} be a convex function for which prox, is defined. Then, for any z,y € R", the
following three conditions are equivalent:
® prox,.(x) =

CTRID

°(r—vy,z—vy) <r(z) —r(y) for any 2 € R™.

Proof
1. Let's establish the equivalence between the first and 2. From the definition of the subdifferential for any
second conditions. The first condition can be subgradient g € 8[(y any z 6
rewritten as (\(‘LA }’2&7

(9,2 y

. - 1 - 2)
=arg min (r(x) + z||lr — T .
y = arg min (1(@) + 5= - 3| In particular, this holds true fo
Conversely, it is also clear: for g =2 — g, the above

From.the optl.m‘:allty c.ondltlon for the convex relationship holds, which means g € dr(y).
function r, this is equivalent to:

0€d (r(:z) + %Hxﬂz\ﬁ)’_ — Or(y) +y—a.

T=y
‘f‘”.,l.‘.ﬂ Composite optimization 0 O 12
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Proximal operator properties

Theorem

The operator prox,.(x) is firmly nonexpansive (FNE)

Iprox, () — prox, (4) 13 < (prox, (z) — prox, () — )

and nonexpansive:
llprox,.(x) — prox, (y)ll2 < ||z — yll2

Proof
1. Let u = prox,.(z), and v = prox,.(y). Then, from the

previous property:
(x —u,z1 —u) <r(z1) —r(u)

(y — v, 22 —v) < r(z2) —r(v).

‘f -+ ].".}2 Composite optimization
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Proximal operator properties

Theorem

The operator prox,.(x) is firmly nonexpansive (FNE)

Iprox, () — prox, (4) 13 < (prox, (z) — prox, () — )

and nonexpansive:
llprox,.(x) — prox, (y)ll2 < ||z — yll2

Proof
1. Let u = prox,.(z), and v = prox,.(y). Then, from the

previous property:
(x —u,z1 —u) <r(z1) —r(u)
(y — v, 22 —v) < r(z2) —r(v).
2. Substitute z1 = v and z2 = u. Summing up, we get:
(x —u,v—u) + (y —v,u —v) <0,

(x —y,v—u) +|v—ul® <O0.

‘f -+ ].".}2 Composite optimization
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Proximal operator properties

Theorem

The operator prox,.(x) is firmly nonexpansive (FNE)

Iprox, () — prox, (4) 13 < (prox, (z) — prox, () — )

and nonexpansive:
llprox,.(x) — prox, (y)ll2 < ||z — yll2

Proof
1. Let u = prox,(z), and v = prox,.(y). Then, from the 3. Which is exactly what we need to prove after
substitution of u,v.

previous property:
(z —u,z1 —u) <7(21) —7(u) lu—vl2 < (z—y,u—v)

(y — v, 22 —v) < r(z2) —r(v).
2. Substitute z1 = v and z2 = u. Summing up, we get:

<III—U,’U—U>+<y—’U,U—1)>§O,
(x —y,v—u) +|v—ul® <O0.

‘f -+ ].".}2 Composite optimization
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Proximal operator properties

Theorem
The operator prox,.(x) is firmly nonexpansive (FNE) 4 “ W\((*) - W@
%=yl

P

Iprox, () — prox, (4) 13 < (prox, (z) — prox, (), — )

and nonexpansive:
llprox,.(x) — prox, (y)ll2 < ||z — yll2

Proof
1. Let u = prox,.(z), and v = prox,.(y). Then, from the
previous property:

3. Which is exactly what we need to prove after
substitution of u,v.

(x —u,z1 —u) <r(z1) —r(u) |\u—v||’{§ (z —y,u —v)

(¥ —v, 22 —0) <7(z2) = (V). 4. The last point comes from simple

2. Substitute z1 = v and 22 = u. Summing up, we get: Cauchy-Bunyakovsky-Schwarz for the last inequality.

(& — w0 — ) + {y — v, u—v) <O,
(m—y,v—u)—i—”v—u”ig 0.

— mi " s
‘f ].".}I; Composite optimization
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Proximal operator properties

Theorem

Let f: R" - RU {400} and r :
continuously differentiable and L-smooth, and for 7, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

R™ — RU {400} be convex functions. Additionally, assume that f is

"= proxr,a(x* - an(x*))

Proof

1. Optimality conditions:

‘f -+ ].".}2 Composite optimization
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Proximal operator properties

Theorem

Let f: R" - RU {400} and r : R” — R U {+o0} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for 7, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

"= proxr,a(x* - an(x*))

Proof

1. Optimality conditions:
0eVf(z®)+or(z")

‘f‘)].".ﬂ Composite optimization 0 O
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Proximal operator properties

Theorem

Let f: R" - RU {400} and r : R” — R U {+o0} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for 7, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

"= proxr,a(x* - an(x*))

Proof

1. Optimality conditions:
0eVf(z®)+or(z")
—aVf(z") €eadr(z")

‘f‘)].".ﬂ Composite optimization 0 O
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Proximal operator properties

Theorem

Let f: R" - RU {400} and r : R” — R U {+o0} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for 7, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

"= proxr,a(x* - an(a:*))

Proof

1. Optimality conditions:
0eVf(z™) + or(z")
—aVf(z") €eadr(z")

- (
\/M\-\b\u HO'“O \f:fan(x*);mj €adr(z™)

‘f‘)].".ﬂ Composite optimization 0 O
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Proximal operator properties

Theorem

Let f: R" - RU {400} and r : R” — R U {+o0} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for 7, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

z* = prox, ,(z" —aV f(z"))

Proof

1. Optimality conditions:
0eVf(z™) + or(z")
—aVf(z") €eadr(z")
" —aVf(z") — 2" €adr(z")

2. Recall from the previous lemma: \?_/_? e o@ r(x(>
)

prox,.(z) =y <z —y € dr(y

‘f‘”.".ﬂ Composite optimization 0 O
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Proximal operator properties

Theorem

Let f: R" - RU {400} and r : R” — R U {+o0} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for 7, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

z* = prox, ,(z" —aV f(z"))

Proof

1. Optimality conditions:

aued) X =E046

0eVf(z™) + or(z")
—aVf(z") €eadr(z")
¥ —aVf(z") —z" €adr(z”)

2. Recall from the previous lemma:

3. Finally,

— mi N A
‘f ].".}2 Composite optimization

prox,(z) =y < x —y € Ir(y)

"= pI’OXa,r(fL'* - an(x*)) = proxr,a(l‘* - Oévf(l'*))
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Convergence

Theorem
Consider the proximal gradient method

Tht1 = Prox,,. (zx — aVf(zk))

For the criterion ¢(x) = f(x) + r(z), we assume:
® fis convex, differentiable, dom(f) = R", and Vf is Lipschitz continuous with constant L > 0.

Proximal gradient descent has a convergence rate of O(1/k) or O(1/¢). This matches the gradient descent rate!
(But remember the proximal operation cost)
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Tht1 = Prox,,. (zx — aVf(zk))

For the criterion ¢(x) = f(x) + r(z), we assume:
® fis convex, differentiable, dom(f) = R", and Vf is Lipschitz continuous with constant L > 0.
® ris convex, and prox,,.(zx) = arg m%{n [ar(w) + iz — xk||§} can be evaluated.
TER™

Proximal gradient descent has a convergence rate of O(1/k) or O(1/¢). This matches the gradient descent rate!
(But remember the proximal operation cost)
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Convergence

Theorem
Consider the proximal gradient method

Tht1 = Prox,,. (zx — aVf(zk))

For the criterion ¢(x) = f(x) + r(z), we assume:
® fis convex, differentiable, dom(f) = R", and Vf is Lipschitz continuous with constant L > 0.
® ris convex, and prox,,.(zx) = arg m%{n [ar(w) + iz — xk||§} can be evaluated.
TER™

Proximal gradient descent has a convergence rate of O(1/k) or O(1/¢). This matches the gradient descent rate!
(But remember the proximal operation cost)
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Convergence

Theorem V\POK LI QNG “B?CI(S(,LM('I-
J A

v
For the criterion ¢(x) = f(x) + r(z), we assume:
® fis convex, differentiable, dom(f) = R", and Vf is Lipschitz continuous with constant L > 0.
® ris convex, and prox,,.(zx) = arg m%{n [ar(ac) + iz — xk||§} can be evaluated.
TER™

Consider the proximal gradient method

Tht1 = Prox,,. (zx — aVf(zk))

Proximal gradient descent with fixed step size a = 1/L satisfies

Lz —2*|?
(k) o A* <
p(@™) —¢" < o :

N — T —

‘f -+ ].".}I; Proximal gradient descent D0
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Convergence

Theorem
Consider the proximal gradient method

Tht1 = Prox,,. (zx — aVf(zk))

For the criterion ¢(x) = f(x) + r(z), we assume:
® fis convex, differentiable, dom(f) = R", and Vf is Lipschitz continuous with constant L > 0.
® ris convex, and prox,,.(zx) = arg m%{n [ar(w) + iz — xk||§} can be evaluated.
TER™

Proximal gradient descent with fixed step size a = 1/L satisfies

_ SD* < LH‘T(O) — ‘T*H2

o(z™®) o :

Proximal gradient descent has a convergence rate of O(1/k) or O(1/¢). This matches the gradient descent rate!
(But remember the proximal operation cost)

‘f -+ 1’11'}2 Proximal gradient descent 0 O
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Convergence

R /— min

Proximal gradient descent
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Accelerated Proximal Method

Accelerated Proximal Method

Let o = yo € dom(r). For k > 1:

Achieves

T = Proxy, p(Ye—1 — V[ (yr-1))
k—1

Yk = Tk + m(mk — Tp—1)

« _ 2L||lzo — z*||?
plar) — o < 22T

‘f -+ ].n:}r; Proximal gradient descent
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Accelerated Proximal Method

Accelerated Proximal Method
Let o = yo € dom(r). For k > 1:

T = Proxy, p(Ye—1 — V[ (yr-1))

_ +E( _ )
Yk = Tk k—l—ka Th_1

Achieves 9
« _ 2L||lxo — x*
p(xe) —¢" < %

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009). Simplified analysis: Tseng (2008).

® Uses extra “memory” for interpolation

‘f -+ ].n:}r; Proximal gradient descent Q0
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Accelerated Proximal Method

Accelerated Proximal Method
Let o = yo € dom(r). For k > 1:

T = Proxy, p(Ye—1 — V[ (yr-1))

_ +E( _ )
Yk = Tk k—l—ka Th_1

Achieves 9
« _ 2L||lxo — x*
plzr) —¢" < %

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009). Simplified analysis: Tseng (2008).

® Uses extra “memory” for interpolation
® Same computational cost as ordinary prox-grad
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Accelerated Proximal Method

Accelerated Proximal Method
Let o = yo € dom(r). For k > 1:

T = Proxy, p(Ye—1 — V[ (yr-1))

_ +E( _ )
Yk = Tk k—l—ka Th_1

Achieves 9
« _ 2L||lxo — x*
plzr) —¢" < %

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009). Simplified analysis: Tseng (2008).

® Uses extra “memory” for interpolation
® Same computational cost as ordinary prox-grad
® Convergence rate theoretically optimal
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given xg, for k£ > 0, repeat:
a:k+1 = |:)I'OX)\OLH,”1 (:L‘k — an(a:k)),

where ProXxa |11 (v) applies soft thresholding to each component of v.
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given xg, for k£ > 0, repeat:
Th1 = Proxyg .||, (Tx — aV f(zk)),
where ProXq |- || (v) applies soft thresholding to each component of v.
® Convergence:
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given xg, for k£ > 0, repeat:
a:k+1 = |:)I'OX)\OLH,”1 (:L‘k — an(a:k)),
where ProXxa |11 (v) applies soft thresholding to each component of v.

® Convergence:
® Converges at a rate of O(1/k) for suitable step size a.
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given xg, for k£ > 0, repeat:
a:k+1 = |:)I'OX)\OLH,”1 (:L‘k — an(a:k)),
where ProXxa |11 (v) applies soft thresholding to each component of v.

® Convergence:
® Converges at a rate of O(1/k) for suitable step size a.

® Application:
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines

gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.

® Algorithm:

® Given xg, for k£ > 0, repeat:

Tht1 = Proxyg|.|, (Tk — @V f(zk)),
where ProXxa |11 (v) applies soft thresholding to each component of v.

® Convergence:

® Converges at a rate of O(1/k) for suitable step size a.
® Application:

® Efficient for sparse signal recovery, image processing, and compressed sensing.

— mi " "
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® |nitialize xo = yo, to = 1.
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® |nitialize xo = yo, to = 1.
® For k > 1, update:
Tk = ProxXyg.|, We—1 — aVf(yr—1)),
2
L Vi
k 9 )
tp—1 —1
Y =Tk + —/——

(T — Tp_1)-
Ly
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® |nitialize xo = yo, to = 1.
® For k > 1, update:
Tk = ProxXyg.|, We—1 — aVf(yr—1)),
2
L Vi
k 9 )
tp—1 —1
Y =Tk + —/——

(T — Tp_1)-
Ly

® Convergence:
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® |nitialize xo = yo, to = 1.
® For k > 1, update:
Tk = ProxXyg.|, We—1 — aVf(yr—1)),
2
L Vi
k 9 )
tp—1 —1
Y =Tk + ———— (T — Tp—1)-
127
® Convergence:
® Improves the convergence rate to O(1/k?).
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's

accelerated gradient method.
® Algorithm:
® |nitialize xo = yo, to = 1.
® For k > 1, update:

Tk = ProxXyg.|, We—1 — aVf(yr—1)),

T4 /14482

t. =
k 2

Yk = Tk +
® Convergence:

® Improves the convergence rate to O(1/k?).
® Application:

‘f -+ 1’11'}2 Proximal gradient descent
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® |nitialize xo = yo, to = 1.
® For k > 1, update:
Tk = ProxXyg.|, We—1 — aVf(yr—1)),

T4 /14482

ty = —m—mm,

2
tp—1 —1
Y =Tk + ——— (T — Tp—1)-
12
® Convergence:
® Improves the convergence rate to O(1/k?).
® Application:
® Especially useful for large-scale problems in machine learning and signal processing where the L1 penalty induces
sparsity.
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Example: Matrix Completion F\‘( \311 P_SL(AB :(CC));L)

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving t e\ar norm (sum

' nuc
of singular values), which promotes low-rank solutions. ’lﬁ\ Zl \
® Problem Formulation: 1 ’
. 2
min 2| Pa(X) = Pa(M)[[% + A X]|.. \3 (3“

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.

fZGQ

L=t

2 [ — min - ) 0 O 20

Proximal gradient descent
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Example: Matrix Completion

Solving the Matrix Completion Problem

Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.

® Problem Formulation: 1
min o || Po(X) — Po(M)||% + XX,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.
® Proximal Operator:

R /— min ®0 0 2

Proximal gradient descent


Daniil Merkulov

https://fmin.xyz
https://mipt23.fmin.xyz
https://github.com/MerkulovDaniil/mipt23
https://t.me/fminxyz

Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min o || Po(X) — Pa(M)|[F + Al X]|s,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.

® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of

the singular values.

R /— min ®0 0 2

Proximal gradient descent
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min o || Po(X) — Pa(M)|[F + Al X]|s,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.

® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of

the singular values.
® Algorithm:

R /— min 0 0 2

Proximal gradient descent
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min o || Po(X) — Pa(M)|[F + Al X]|s,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.

® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of

the singular values.

® Algorithm:
® Similar proximal gradient or accelerated proximal gradient methods can be applied, where the main computational

effort lies in performing partial SVDs.

R /— min 0 0 2

Proximal gradient descent
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min o || Po(X) — Pa(M)|[F + Al X]|s,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.
® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of
the singular values.
® Algorithm:
® Similar proximal gradient or accelerated proximal gradient methods can be applied, where the main computational
effort lies in performing partial SVDs.
e Application:
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min o || Po(X) — Pa(M)|[F + Al X]|s,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.
® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of
the singular values.
® Algorithm:
® Similar proximal gradient or accelerated proximal gradient methods can be applied, where the main computational
effort lies in performing partial SVDs.
e Application:
® Widely used in recommender systems, image recovery, and other domains where data is naturally matrix-formed but
partially observed.
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.
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Summary

° If we\ex\ploit the structure of the probleml we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal

friendly function r has the same convergence as the gradient descent method for the function f. The
—_— T

smoothness/non—smoothness properties of r do not affect convergence.
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non—smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can pe solved using such a method.\Question: is this
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non—smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this

true?
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non—smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this
true?

If we allow the proximal operator to be inexact (numerically), then it is true that we can solve any nonsmooth
optimization problem. But this is not better from the point of view of theory than solving the problem by
subgradient descent, because some auxiliary method (for example, the same subgradient descent) is used to
solve the proximal subproblem.

® Proximal method is a general modern framework for many numerical methods. Further development includes
accelerated, stochastic, primal-dual modifications and etc.
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non—smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this
true?

If we allow the proximal operator to be inexact (numerically), then it is true that we can solve any nonsmooth
optimization problem. But this is not better from the point of view of theory than solving the problem by
subgradient descent, because some auxiliary method (for example, the same subgradient descent) is used to
solve the proximal subproblem.

® Proximal method is a general modern framework for many numerical methods. Further development includes
accelerated, stochastic, primal-dual modifications and etc.

® Further reading: Proximal operator splitting, Douglas-Rachford splitting, Best approximation problem, Three
operator splitting.
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