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Finite-sum problem
We consider classic finite-sample average minimization:

min f(x) —mln—Zfl x)

T ERP z€RP N

The gradient descent acts like follows:

Thi1 = T — % Z Vfi(z) (GD)
=1

® |[teration cost is linear in n.
® Convergence with constant « or line search.
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We consider classic finite-sample average minimization: — _
, AU
min f(z) = min — E fi(z
zERP z€RP N

The gradient descent acts like follows: L v‘c
— 9k ) -— - - d" < t jg&>
Tht1 = Tk = Z;sz(x) = X 0{\( V\( Y

® |teration cost is linear in n. C{OXPC(\AZQC](M
® Convergence with constant « or line search. M TM\A"\AE‘-Q—

Let's/ switch from the full gradient calculation to its unbiasgfl estimator, When we randomly choose i; index of point
at each iteration uniformly:

(SGD)

Tht1 = Tk — Nfik (z)
With p(ix = i) = L, the stochastic gradient is an unbiased est

e gradient, given by:
B[V, (@) = > plis =)V () = Y 2 Vfila Z Viilz) = Vf(x i
i=1 i=1
This indicates that the expected value of the stochastic gradient is equal to the actual gradient of f(z).
‘f‘”.,l.‘.jr; Finite-sum problem 0 O 2
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Results for Gradient Descent

Stochastic iterations are n times faster, but how many iterations are needed?

If V f is Lipschitz continuous then we have:

Assumption Deterministic Gradient Descggk Stochastic Gradient De‘scent
T O(log(1/2)) o(l/e) K
Convex O(1/¢) A o(1/e?) A
Non-Convex O(1/¢) 0O(1/€?) (-K

® Stochastic has low iteration cost but slow convergence rate.
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® Stochastic has low iteration cost but slow convergence rate.
® Sublinear rate even in strongly-convex case.
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Results for Gradient Descent

Stochastic iterations are n times faster, but how many iterations are needed?

If V f is Lipschitz continuous then we have:

Assumption Deterministic Gradient Descent Stochastic Gradient Descent
PL O(log(1/¢)) O(1/e)
Convex O(1/¢) 0(1/€?)
Non-Convex O(1/¢) 0O(1/€?)

® Stochastic has low iteration cost but slow convergence rate.
® Sublinear rate even in strongly-convex case.
® Bounds are unimprovable under standard assumptions.
® Oracle returns an unbiased gradient approximation with bounded variance.

® Momentum and Quasi-Newton-like methods do not improve rates in stochastic case. Can only improve
constant factors (bottleneck is variance, not condition number).
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Convergence X\(ﬂ - h:_olx'\w/’ﬁ (XQ>
K,

Lipschitz continiity implies:

Fene) < F(@w) + (TF@R), ks = o) + 2z -zl

using (SGD):

Fain) < (@n) = an(9 £(@r), ¥ fi (@0)) + 025 IV Fo ()|

Now let’s take expectation with respect to i:

E[f (zx+1)] < Elf (2r) — ar{V f(zr), Vfi, (@1)) + ok 5 ||szk (@)

Using linearity of expectation:
_— ch (ko)

Blf(ze41)] < f(zr) — ak<Vf(xk+ ak E[|V fi, (zx)]|%]

Since uniform sampling implies unbiased estimate of gradient: E[V f;, (z)] = V f(zk):

E[f (zr+1)] < flar) — arl V£ (@)]1* + aiéE[IIVﬁk (@x)1%]

‘f -+ 1’11'}2 Stochastic Gradient Descent (SGD) D0
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Convergence. Smooth PL case. - %(\QX“;’ é _02 (‘g 0(\() B g“j
o k= EX{ 9‘@5 — P * !
LIV @ > n(f@) - 1), ¥w € B2 o)

This inequality simply requires that the gradient grows faster than a quadratic function as we move away from the
optimal function value. Note, that strong convexity implies PL, but not vice versa. Using PL we can write:

E[f @ks1)] = f7 < (1= 20p)[f (@) = £+ k*E[IIszk (@)1%]

This bound already indicates, that we have something like linear convergence if far from solution and gradients are
similar, but no progress if close to solution or have high variance in gradients at the same time. Now we assume,
that the variance of the stochastic gradients is bounded:

E[IV fi(z)II"] < o

Thus, we have

Lo* ak

E[f(ze1) = £ < (1= 200p)[f (z) = f7]+

‘f -+ 1’11'}2 Stochastic Gradient Descent (SGD) 0 O 6
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Convergence. Smooth PL case. ~ j—-

we obtain K

. 52 o Lo?(2k + 1)
Elf(@hr) = 1< /3 8u2(k+ 1%

2k+1

1. Consider decreasing stepsize strategy with ay = 3 1)

( KA~ J -t
( {’A} x(—r(\

‘f -+ ].".}I; Stochastic Gradient Descent (SGD)
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Convergence. Smooth PL case.

1. Consider decreasing stepsize strategy with o = %2(,’2%)2 we obtain

Blf (@) = ) € Gyl = 111+ % (k‘{' '\B

2. Multiplying both sides by (k 4 1)? and letting 67 (k) = k*E[f (xx) — f*]|we get

.. . o?(2k +1)?
< i Gl NV
‘ O0f(k+ 1)< or(k) + 8i2(k +1)2
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where the second line follows from 2::11 < 2.

that §7(0) = 0 we get

Summing up this inequality from k = 0 to k and using the fact

(k + V)’E[f(zr41) — £ < %;_1)
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Convergence. Smooth PL case.

3. Constant step size: Choosing o, = « for 4n @) elds
y/

E[f(ze1) — £ < (1= 2ap)"[f(z0) — £+

< (1 2ap)"[f(x0) = f7]+

= (1= 20p1)"[f (w0) = /] + Lzuﬂ

where the last line uses that o < 1/2p and the limit of the geometric series.
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Convergence. Smooth non-convex case.
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Convergence. Convex case.
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