Theory | Convex sets | Affine set f % min
T,Y,z

Line

Suppose x1, 2 are two points in R™. Then the line passing through them is defined as
follows:

x=0x;+(1—0)x2,0 € R

Affine set

The set A is called affine if for any x1, 22 from A the line passing through them also
liesin A, i.e.

VO € R,Vzi,22 € A : 021 +(1—9)£IJ2 cA

k21 EXAMPLE
R™ is an affine set. The set of solutions {z | Az = b} is also an affine set.

Related definitions

Affine combination Z%ﬁ‘m
Let we have 1, Za, . . ., T € S, then the point P11 + Oazs + . . . + Oyl is called

k
affine combination of x1, €3, ...,z if Y 0; = 1.
i=1



Affine hull Mioxeabo

The set of all affine combinations of points in set .S is called the affine hull of S"

k k
aff(S) = {Zem |z €8,) 6= 1}
=1 1=1

The set aff (.5) is the smallest affine set containing S.

Certainly, let's translate the last two subchapters and then provide an example for the
affine set definition as you requested:

Interior

The interior of the set S is defined as the following set:

int(S)={x €S| 3 >0, B(x,e) C S}

where B(x, e) = x + B is the ball centered at point x with radius ¢.

Relative Interior

The relative interior of the set S is defined as the following set:

relint(S) = {x € S| de > 0, B(x,¢) Naff(S) C S}
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EXAMPLE
Any non-empty convex set S C R"™ has a non-empty relative interior relint(S).

() QUESTION
Give any example of a set S C R", which has an empty interior, but at the same
time has a non-empty relative interior relint(S).
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Cone

A non-empty set S is called cone, if:

Vee S, 0>0 — Oz S

Convex cone

The set S is called convex cone, if:

f — min

x)y?’z

Vei,z2 € S, 01,00 >0 — O1x1+ 022 € S

k2] EXAMPLE
RTL
Affine sets, containing 0
Ray

Sﬁ‘r - the set of symmetric positive semi-definite matrices

Related definitions

Yy



Conic combination

Let we have 1, 22, ..., € S, then the point{ @121 + G222 + . .. + Orxy|is called
conic combination of x1, x2, ..., xk if ; > 0.

Conic huli

The set of all conic combinations of points in set .S is called the conic hull of S"

k
cone(S) = {ZHZ:UZ |z, €8, 6; > 0}

1=1
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Line segment

Suppose x1, 2 are two points in R™. Then the line segment between them is defined
as follows:

r =0z + (1 —0)zz, 0 €[0,1]

Convex set

The set S is called convex if for any 1, 22 from S the line segment between them also
liesin S, i.e.

Vo € [0,1], Vxi,22 € S :
Ox1+ (1 —0)za € S

k2l EXAMPLE
Empty set and a set from a single vector are convex by definition.

EXAMPLE
Any affine set, a ray, a line segment - they all are convex sets.
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Related definitions k=35 B Jr G0 ~Cov
1= \\?B‘f' . conveX
Convex combination 60
Let 1, X2,..., Xk € S, then the point 121 + G292 + ... + Orx is called the convex
k
combination of points &1, 3, ...,z if Y 0; =1, 8; > 0.
i=1

Convex hull



The set of all convex combinations of points from S is called the convex hull of the set

S.

k k
conv(S) — {Zezxz | T; € S,Z@i =1, 6; > 0}
i=1 i=1

The set conv(,S) is the smallest convex set containing S.

The set S is convex if and only if S = conv(S5).

Examples:

BRO BRO BRO

Minkowski addition

The Minkowski sum of two sets of vectors S and Sy in Euclidean space is formed by
adding each vector in S7 to each vector in So:

Sl—I-Sz:{Sl—I—Sz‘SlESl, SzESz}

Similarly, one can define linear combination of the sets.

EXAMPLE

We will work in the R? space. Let's define:

S1:={zxecR*: 22 +235 <1}

This is a unit circle centered at the origin. And:




52::{x€R2:—1§a:1§2,—3

This represents a rectangle. The sum of the sets S7 an nlafged

rectangle S5 with rounded corners. The >resulting set |j

Finding convexity

In practice it is very important to understand whether a s

Two approaches are used for this depending on the cont

By definition.
Show that .S is derived from simple convex sets using operations that preserve
convexity.
By definition
z1,22€ 5,0<0<1 — Oz1+(1—0)z2€ S
k2] EXAMPLE

Prove, that ball in R (i.e. the following'set x | ||x — x.|| < 7) -)s convex.

» Solution

() QUESTION
Which of the sets are convex:

Stripe, z €ER" |a<a'z < B
Rectangle, x € R" | a; < x; < B;,i = 1,n
Kleen,z € R" | a{ < by, a9z < by dukcw
A set of points closer to a given point than a gjven set that does’not coptain a
point, z € R" | ||z— W xol]2 < ||z — sz,'fy €S C
A set of points, which are closer to one set than another,

z € R" | dist(z, S) < dist(z,T),S, >T CR"

A set of points, z € R" | z + X C S, where S C R" is convex and X C>
R™ is arbitrary.

A set of points whose distance to a given point does not exceed a certain part
of the distance to another given point is
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z € R" | ||z — all2 < 0||zd||2,a,b € R*,0<1

Preserving convexity

The linear combination of convex sets is convex

Let there be 2 convex sets S, Sy, let the set
S={s|s=cx+cy, xS, ye Sy, ci,c2 € R}

Take two points from S: s1 = c1x1 + cay1, S2 = c12 + ca2y2 and prove that the
segment between them 6s; + (1 — 0)s2,0 € [0, 1] also belongs to S

Os1 + (1 —0)s2
O(ciz1 + coy1) + (1 — 0)(c1x2 + cay2)
61(9£B1 - (1 — 9)332) + 02(9y1 -+ (1 — Q)yg)

cit+cy €8

The intersection of any (!) number of convex sets is convex

[T The desired Intersection IS empty or contains one point, the property Is proved by
definition. Otherwise, take 2 points and a segment between them. These points must lie
in all intersecting sets, and since they are all convex, the segment between them lies in
all sets and, therefore, in their intersection.

The image of the convex set under affine mapping is convex

S CR" convex — f(S)={f(z)|z € S} convex (f(xz)=Az+b)

Examples of affine functions: extension, projection, transposition, set of solutions of
linear matrix inequality {« | x141 + ... + xmAm <X B}.Here A;, B € SP are
symmetric matrices p X p.

Note also that the prototype of the convex set under affine mapping is also convex.

S CR™convex — f *(S)={z e R"| f(z) € S} convex (f(z)= Az +b)

k1 EXAMPLE

Let z € Ris a random variable with a given probability distribution of P(z =
a;) = p;,wherei =1, > ... ,n,andla; < ... < ap.|ltis said that the probability




vector of outcomes of p € R" belongs to the >probabilistic simplex, i.e.

P={p|1'p=1,p=0}={p|p1+...+pn=1,p; >0}

Determine if the following sets of p are convex: 0}\ /><
G| Ogz\ .1 o
P(z > a) < 8 \l L\\ (l \\ vl)
E|lz2| < oElo| Pd e | 2

Elz*| > aVz > a = e = 4 P, >0

» Solution i,; (
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