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1 Basic linear algebra background

1.1 Vectors and matrices

We will treat all vectors as column vectors by default. The space of real vectors of length i is denoted by IR™, while the space of real-valued m X
1 matrices is denoted by R™*™. That’s it:

Iy
T2
z=|. =z x ... T TRz eR (1)

=)

Similarly, if A € R™*™ we denote transposition as AT € R™™:

|'a11 a2 e aln'| |'a11 a9 e am1'|
Qo1 Q22 ... Qg T Az Q2 ... Q2 mxn
A= . . A . A = . . . . AcR , Qij € R
An1 Am2 ... Omnp Aip Q2 ... Qmp

We will write > 0 and « 7 0 to indicate componentwise relationships
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Figure 1: Equivivalent representations of a vector

A matrix is symmetricif A = AT itisdenotedas A € S” (set of square symmetric matrices of dimension 11). Note, that only a square matrix
could be symmetric by definition.

Amatrix A € S™ is called positive (negative) definite if forallz # 0 : 27 Az > (<)0.We denote thisas A = (<)0. The set of such
matrices is denoted as S’y | (S™ _)

Amatrix A € S" is called positive (negative) semidefinite if forall z : z7 Az > (<)0.We denote thisas A = (=<)0. The set of such
matrices is denoted as S} (S™)

() Question

Is it correct, that a positive definite matrix has all positive entries?

1.2 Matrix and vector product
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Let A be a matrix of size m X m, and B be a matrix of size n X P, and let the product AB be:
C=AB

then C'isam X p matrix, with element (4, §) given by:

n
Cij: E aikbkj.
k=1

This operation in a naive form requires O(n3) arithmetical operations, where 1 is usually assumed as the largest dimension of matrices.

&) Question
Is it possible to multiply two matrices faster, than O (n3)? How about O(n?), O(n)?
Let A be a matrix of shape m X n,and £ ben X 1 vector, then the i-th component of the product:
z = Ax

is given by:

n
Zp = g Qi T
k=1

Remember, that:
« C=AB CT =BTAT
AB # BA
ed = kzzo A"
o eAB L e4eB (butif A and B are commuting matrices, which meansthat AB = BA, e4+8 = e4eb)
(z, Ay) = (ATz,y)

1.3 Norms and scalar products

Norm is a qualitative measure of the smallness of a vector and is typically denoted as ||z ||.
The norm should satisfy certain properties:

L |loz| = |af[z], o € R
2. ||z 4+ y|| < ||z|| + ||yl (triangle inequality)
3. If||z|| = Othenz = 0

The distance between two vectors is then defined as

d(z,y) = ||z —yl|.

The most well-known and widely used norm is Euclidean norm:

llly =

which corresponds to the distance in our real life. If the vectors have complex elements, we use their modulus.

Euclidean norm, or 2-norm, is a subclass of an important class of p-norms:

" 1/p
ol = (D i) ™
i=1

There are two very important special cases. The infinity norm, or Chebyshev norm is defined as the element of the maximal absolute value:



Jlloo = max o

L1 norm (or Manhattan distance) which is defined as the sum of modules of the elements of x:
Izl =D |l
i
L1 norm plays a very important role: it all relates to the compressed sensing methods that emerged in the mid-00s as one of the most popular
research topics. The code for the picture below is available here: £

Unit disk in the p-th norm

p=1 p = 100500

Figure 2: Balls in different norms on a plane

In some sense there is no big difference between matrices and vectors (you can vectorize the matrix), and here comes the simplest matrix norm
Frobenius norm:

1/2

1Allr = { D) lail?

i=1 j=1

Spectral norm, AH2 is one of the most used matrix norms (along with the Frobenius norm).

HAH2 = sup HA:L'HZ,
a0 |2

It can not be computed directly from the entries using a simple formula, like the Frobenius norm, however, there are efficient algorithms to
compute it. It is directly related to the singular value decomposition (SVD) of the matrix. It holds

|4]l2 = 01(A) = 1/ Amax(ATA)
where o1 (A) is the largest singular value of the matrix A.

(&) Question
Is it true, that all matrix norms satisfy the submultiplicativity property: || AB|| < || A||||B||? Hint: consider Chebyshev matrix norm || A||c = max |aij |
0.

The standard scalar (inner) product between vectors z and i from R™ is given by

n
(@,y) ="y =) i =y"z = (y,z)
i=1

Here x; and y; are the scalar ¢-th components of corresponding vectors.

(&) Question

Is there any connection between the norm || - || and scalar product (-, -)?

Kl Example
Prove, that you can switch the position of a matrix inside a scalar product with transposition: (x, Ay) = (ATz,y) and (z,yB) = (zBT,y)

The standard scalar (inner) product between matrices X and Y from R"*" is given by
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m n

(X,Y) =tr(XTY) =D ) X;;Vy; = tr(Y'X) = (Y, X)

i=1 j=1
(&) Question
Is there any connection between the Frobenious norm || - || 7 and scalar product between matrices (-, -)?
Kl Example
Simplify the following expression:

n
-1
Z<S Qa;, ai>7
i=1

n
where S = Y a;al,a; € R",det(S) # 0
i=1

Q Solution

T

1. Let A be the matrix of columns vector a;, therefore matrix AT contains rows a;

2. Note, that, S = AAT -itis the skeleton decomposition from vectors a;. Also note, that A is not symmetric, while S, clearly, is.

n
3. Thetargetsumis a;frsflai.
i=1
4. The most important part of this exercise lies here: we’ll present this sum as the trace of some matrix M to use trace cyclic property.

n n
2 : Tg-1

a; S a; = E ™My,
i=1 i=1

where m;; - i-th diagonal element of some matrix M.

5. Note, that M = AT (SilA) is the product of 2 matrices, because ¢-th diagonal element of M is the scalar product of -th row of the first matrix
AT and i-th column of the second matrix S ™1 A. i-th row of matrix AT, by definition, is aZT, while 4-th column of the matrix S~ A is clearly
S>—1ai.

Indeed, m;; = a;Silai, then we can finish the exercise:

ZaiTSflai = Zmii =trM

i=1 i=1
=tr (ATS'A) = tr (AATS )
=tr (S ) =tr(I)=n

1.4 Eigenvalues, eigenvectors, and the singular-value decomposition

1.4.1 Eigenvalues

Ascalar value X is an eigenvalue of the . X 1 matrix A if there is a nonzero vector g such that

Aq = Aq.

K Example
Consider a 2x2 matrix:

2 1
A =
The eigenvalues of this matrix can be found by solving the characteristic equation:

det(A—AI)=0

For this matrix, the eigenvalues are Ay = 1 and Ay = 4. These eigenvalues tell us about the scaling factors of the matrix along its principal axes.

The vector q is called an eigenvector of A. The matrix A is nonsingular if none of its eigenvalues are zero. The eigenvalues of symmetric matrices
are all real numbers, while nonsymmetric matrices may have imaginary eigenvalues. If the matrix is positive definite as well as symmetric, its



eigenvalues are all positive real numbers.

@2 Theorem

A = 0 < all eigenvalues of A are > 0

A > 0 < all eigenvalues of A are > 0

Q Proof

We will just prove the first point here. The second one can be proved analogously.
1. — Suppose some eigenvalue )\ is negative and let & denote its corresponding eigenvector. Then

Az =Xz = 2T Az = 2"z < 0

which contradicts the condition of A > 0.
2. < For any symmetric matrix, we can pick a set of eigenvectors vy, . . . , U, that form an orthogonal basis of R”. Pickany z € R".

zf Az = (1o + ...+ anvn)TA(oqvl + .oty
= Za?v?Avi = Za?/\iv?vi >0

here we have used the fact that v} v; = 0, fori # j.

() Question

If a matrix has all positive eigenvalues, what can we infer about the matrix’s definiteness?

Suppose A € S,,,i.e., Aisareal symmetricn X 1 matrix. Then A can be factorized as

A=QAQT,

where Q € R™ ™ s orthogonal, i.e., satisfies QT Q = I,and A = diag(\y, - . ., Ay). The (real) numbers ); are the eigenvalues of A and are
the roots of the characteristic polynomial det(A — )\I). The columns of () form an orthonormal set of eigenvectors of A. The factorization is
called the spectral decomposition or (symmetric) eigenvalue decomposition of A. 2

We usually order the eigenvaluesas A\; > Ay > ... > \,. We use the notation A; (A) to refer to the i-th largest eigenvalue of A € S. We
usually write the largest or maximum eigenvalue as A; (A) = /\max(A), and the least or minimum eigenvalue as )\n(A) = )\min(A).

The largest and smallest eigenvalues satisfy

2T Ax zT Az
Amin(4) = ;1;% zTx ’ Amax(A) = iilg =Tz

and consequently V€ R™ (Rayleigh quotient):
Amin(A)zTz < 2T Az < Apax(A)2Tz
The condition number of a nonsingular matrix is defined as
Kk(A4) = [|A[ A7
Suppose A € R™ ™ with rank A = 7. Then A can be factored as
A=UxVT, (A12)
where U € R™*" satisfies UTU = I,V € R satisfies VIV = I, and ¥ is a diagonal matrix with ¥ = diag(o7y, ..., 0,-), such that
g1 >09>...20.>0.

1.4.2 Singular value decomposition

This factorization is called the singular value decomposition (SVD) of A. The columns of U are called left singular vectors of A, the columns of
V areright singular vectors, and the numbers ¢; are the singular values. The singular value decomposition can be written as



T
§ : T
A= o;u;v; ,
i=1

where u; € R™ are the left singular vectors, and v; € R™ are the right singular vectors.

Kl Example
Consider a 2x2 matrix:

The singular value decomposition of this matrix can be represented as:
B=UxvT.

Where U and V are orthogonal matrices and X is a diagonal matrix with the singular values on its diagonal. For this matrix, the singular values are 4 and 2,
which are also the eigenvalues of the matrix.

K Example
Let A € R™*" and let ¢ := min{m, n}. Show that

q
2 2
1Al = al(A),
i=1
where 01 (A) >...> crq(A) > 0 are the singular values of matrix A. Hint: use the connection between Frobenius norm and scalar product and SVD.

Q Solution

(&) Question

Suppose, matrix A € Si+. What can we say about the connection between its eigenvalues and singular values?

(&) Question

How do the singular values of a matrix relate to its eigenvalues, especially for a symmetric matrix?

1.4.3 Skeleton decomposition

Simple, yet very interesting decomposition is Skeleton decomposition, which can be written in two forms:
A=UVT A=CA'R

The latter expression refers to the fun fact: you can randomly choose 7 linearly independent columns of a matrix and any 7 linearly independent
rows of a matrix and store only them with the ability to reconstruct the whole matrix exactly.



T
Amxn = Umxr . erxn

_ -1
Amx" - merATXrRrxn

Figure 3: Illustration of Skeleton decomposition

(&) Question

How does the choice of columns and rows in the Skeleton decomposition affect the accuracy of the matrix reconstruction?

Use cases for Skeleton decomposition are:

e Model reduction, data compression, and speedup of computations in numerical analysis: given rank-r matrix with 7 << 71, ™M one needs to
store O((n + m)r) < nm elements.

e Feature extraction in machine learning, where it is also known as matrix factorization

¢ All applications where SVD applies, since Skeleton decomposition can be transformed into truncated SVD form.

1.5 Canonical tensor decomposition

One can consider the generalization of Skeleton decomposition to the higher order data structure, like tensors, which implies representing the
tensor as a sum of 7 primitive tensors.
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Figure 4: Illustration of Canonical Polyadic decomposition

Ed Example

Note, that there are many tensor decompositions: Canonical, Tucker, Tensor Train (TT), Tensor Ring (TR), and others. In the tensor case, we do not have a
straightforward definition of rank for all types of decompositions. For example, for TT decomposition rank is not a scalar, but a vector.

() Question

How does the choice of rank in the Canonical tensor decomposition affect the accuracy and interpretability of the decomposed tensor?

1.6 Determinant and trace

The determinant and trace can be expressed in terms of the eigenvalues
n n
detA =[x, trd=>_X
i=1 i=1
The determinant has several appealing (and revealing) properties. For instance,

e detA = Oifand only if A is singular;
o detAB = (detA)(detB);
o detA™' = 1.

Don’t forget about the cyclic property of a trace for arbitrary matrices A, B, C', D (assuming, that all dimensions are consistent):

tr(ABCD) = tr(DABC) = tr(CDAB) = tr(BCDA)

Kl Example

For the matrix:

o[t )

matrix, while the trace provides the sum of the eigenvalues.
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The determinantis det(C') = 6 — 1 = 5,and the traceis tr(C) = 2 + 3 = 5. The determinant gives us a measure of the volume scaling factor of the



&) Question

How does the determinant of a matrix relate to its invertibility?

(&) Question

What can you say about the determinant value of a positive definite matrix?

2 Optimization bingo

2.1 Gradient

Let f(z) : R™ — R, then vector, which contains all first-order partial derivatives:

of

%

df Bz

Vi(z) = de — :2
of

Oz

named gradient of f (). This vector indicates the direction of the steepest ascent. Thus, vector —V f () means the direction of the steepest
descent of the function in the point. Moreover, the gradient vector is always orthogonal to the contour line in the point.

Kl Example
For the function f(w, y) =%+ y2, the gradient is:

Vi(z,y) = Bi]

This gradient points in the direction of the steepest ascent of the function.

() Question

How does the magnitude of the gradient relate to the steepness of the function?

2.2 Hessian

Let f(z) : R™ — R, then matrix, containing all the second order partial derivatives:

o’f ’f o’f
3%]2311 Bza]yc')mz o amggazn
f f f
1/ _ 82f . axzazl 33}281‘2 ce Bmgamn
f(z) = 9207 . . .
4 '] . . . .
*f >*f >f
0z, 0z, Oz, 01, tc 0z, 0z,

In fact, Hessian could be a tensor in such away: (f(z) : R™ — R™) is just 3d tensor, every slice is just hessian of corresponding scalar function

(H (f1(2)), H (f2(2)) , - -, H (fm()))-

Kl Example
For the function f(z,y) = @2 + y?, the Hessian is:

Hy(z,y) = [(2) (2)}

This matrix provides information about the curvature of the function in different directions.

() Question

How can the Hessian matrix be used to determine the concavity or convexity of a function?



2.3 Jacobian

The extension of the gradient of multidimensional f(z) : R™ — R™ is the following matrix:

ofi  Of Ofm
oz Ox2 e oz,
ofi  Ofr Ofm
’ df Ory  Ox2 " Oz,
Ji = f'(z) = dzT = . . .
oz 0z ce oz,

K Example
For the function

o[£

the Jacobian is:

Ji(z,y) = E 11]

This matrix provides information about the rate of change of the function with respect to its inputs.

(&) Question

How does the Jacobian matrix relate to the gradient for scalar-valued functions?

(2) Question

Can we somehow connect those three definitions above (gradient, jacobian, and hessian) using a single correct statement?

2.4 Summary

f(z): X =Y, 8](;550) G
X Y G Name
R R R f'(x) (derivative)
R* R R* (gradient)
T
R™ R™ R™*" ofi .
—— (jacobian)
0$]‘
RM*n R R™xm 8]"
8:171']'

2.5 Taylor approximations

Taylor approximations provide a way to approximate functions locally by polynomials. The idea is that for a smooth function, we can approximate
it by its tangent (for the first order) or by its parabola (for the second order) at a point.

2.5.1 First-order Taylor approximation

The first-order Taylor approximation, also known as the linear approximation, is centered around some point . If f : R” — Risa
differentiable function, then its first-order Taylor approximation is given by:



fi (@) = f(zo) + V(o) (z — o)

T
Where:

o f(=g) is the value of the function at the point z.
o V f(zg) is the gradient of the function at the point Z.

Itis very usual to replace the f(:L') with fio (m) near the point z for simple analysis of some approaches.

Figure 5: First order Taylor approximation near the point

K Example
For the function f(m) = e” around the point £y = 0, the first order Taylor approximation is:

I _
(@) =1+z
The second-order Taylor approximation is:
2
T
Ty =1+z+ )

Zo

These approximations provide polynomial representations of the function near the point .

2.5.2 Second-order Taylor approximation
The second-order Taylor approximation, also known as the quadratic approximation, includes the curvature of the function. For a twice-
differentiable function f : R™ — R, its second-order Taylor approximation centered at some point x is:

F(z) = Fao) + V(@) (@ — z0) + 5 (2 — 20) V2 f (z0) (@ — 20)

Where:

o V2 f(zg) isthe Hessian matrix of f at the point zg.
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Figure 6: Second order Taylor approximation near the point g

When using the linear approximation of the function is not sufficient one can consider replacing the f(x) with ;g (z) near the point . In
general, Taylor approximations give us a way to locally approximate functions. The first-order approximation is a plane tangent to the function at
the point &, while the second-order approximation includes the curvature and is represented by a parabola. These approximations are especially
useful in optimization and numerical methods because they provide a tractable way to work with complex functions.

K& Example

1
Calculate first and second order Taylor approximation of the function f(z) = §mTAa: —blz+c

Q Solution

(&) Question

Why might one choose to use a Taylor approximation instead of the original function in certain applications?

Note, that even the second-order approximation could become inaccurate very quickly. The code for the picture below is available here: g

Quadratic approximation becomes inaccurate

3.0 1
\\ —— Function V1+x2 -1

2.5 “\ — =~ Taylor Approximation at xq

\

\ Xo=-3.4

\ o 0

2.0 A
1.5 A
1.0 A
0.5 A

0.0 -
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3 Derivatives

3.1 Naive approach

The basic idea of the naive approach is to reduce matrix/vector derivatives to the well-known scalar derivatives.

Matrix notation of a function Matrix notation of a gradient
T
f(x)=c'x Vix)=c
Scalar notation of a function I

n
0f(x)
f(z) = 2 C; s -
R —_— I
Simple derivative

Of(x) 0D ;—q cims)

ﬁazk aafk

One of the most important practical tricks here is to separate indices of sum (¢) and partial derivatives (k). Ignoring this simple rule tends to

|
Q
X

produce mistakes.

3.2 Differential approach

The guru approach implies formulating a set of simple rules, which allows you to calculate derivatives just like in a scalar case. It might be
convenient to use the differential notation here. *

@2 Theorem
Letx € S beaninterior pointoftheset.S,andlet D : U — V be alinear operator. We say that the function f is differentiable at the point & with
derivative D if for all sufficiently small h € U the following decomposition holds:

f(z +h) = f(z) + D[h] + o(||A[])

If for any linear operator D : U — V the function f is not differentiable at the point = with derivative D, then we say that f is not differentiable at the point
T.

3.2.1 Differentials

After obtaining the differential notation of d f we can retrieve the gradient using the following formula:



df(z) = (Vf(z),dx)

Then, if we have a differential of the above form and we need to calculate the second derivative of the matrix/vector function, we treat “old” d as
the constant dz1, then calculate d(df) = d? f ()

d*f(z) = (V?f(z)dz,,dz) = (Hs(z)dz,,dz)

3.2.2 Properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

e dA=0

e d(aX) = a(dX)

. d(AXB) = A(dX)B

« d(X+Y)=dX +dY

. d(XT) = (dX)T

e d(XY) = (dX)Y + X(dY)

e d(X,Y) = (dX,Y) + (X,dY)
o(£) - oo

s 7

o d(det X) =det X(X T,dX)

e d(tr X) = (I,dX)

- df(gla)) = 5 -dote)

« H = (J(VP)f

. d(X D=-X"1dXx)x

K Example
Find V2£(2), f f(z) = %(Am, z) — (b,z) + c.

Q Solution

K Example
Finddf, Vf(z),if f(z) = In(z, Az).

Q Solution

1. Itis essential for A to be positive definite, because it is a logarithm argument. So, A € S" | Let’s find the differential first:

d((z,Az))  (dz, Az) + (z,d(Az))
(z, Az) (z, Az)
_ (Az,dz) + (z, Adz)  (Az,dz)+ (ATz,dz) ((A+ AT)z,dz)

(@ Ax) (z, Az) (z, Az)

2Ax
W:<wﬁm@§

df = d(In(z, Az))

2. Note, that our main goal is to derive the form d f = (-, dz)

Hence, the gradientis V f (z) =

(z, Az)




ki Example
Finddf, Vf(X),if f(X) = ||[AX — B||p.

ﬁ Solution

K Example
Finddf, Vf(X),if f(X) = (9, X) — logdet X.

a Solution

K Example
Find the gradient V f (z) and hessian V2 f(z),if f(x) = In (1 + exp(a, z))

a Solution
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Footnotes

L. Afullintroduction to applied linear algebra can be found in Introduction to Applied Linear Algebra - Vectors, Matrices, and Least Squares - book by Stephen

Boyd & Lieven Vandenberghe, which is indicated in the source. Also, a useful refresher for linear algebra is in Appendix A of the book Numerical Optimization by
Jorge Nocedal Stephen J. Wright. <

). A good cheat sheet with matrix decomposition is available at the NLA course website. <

3. The most comprehensive and intuitive guide about the theory of taking matrix derivatives is presented in these notes by Dmitry Kropotov team. <
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