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Theory | Convex function

Convex function

The function f(z), which is defined on the convex set S C R", is called convex on §, if:

fAz1 + (1= Nz2) < Af(z1) + (1= A) f(22)

forany 1,22 € Sand 0 < A < 1.

If above inequality holds as strict inequality 1 # x2 and 0 < A < 1, then function is called
strictly convexon S.

f(x) —— Comen

Non Convex

k2l EXAMPLE
f(z) =2, p>1, xRy
f(z) =|zl’, p>1,z€eR"
f(z) =€¢*, ceR,zeR
f(z) =—Inz, ze€R4y
f(z) =zlnz, zecRii
The sum of the largest k coordinates f(z) = z(1) +... + ), =z € R"



http://127.0.0.1:4000/
http://127.0.0.1:4000/docs/theory/Theory/

f(X) = Mae(X), X =XT
f(X)=—logdet X, X e ST,

Epigraph

For the function f(x), defined on S C R", the following set:

epi f = {[z,pu] € S xR : f(z) < p}

is called epigraph of the function f(x).

f(z)

— f(=)
— Epif(z)

Sublevel set

For the function f(x), defined on S C R", the following set:

Ls={zeS: f(z)<p}

is called sublevel set or Lebesgue set of the function f(z).

Sy



Sublevel set

Criteria of convexity

First order differential criterion of convexity

The differentiable function f(z) defined on the convex set S C R" is convex if and only if
Ve,y € S:

f(y) = f(2) + VI (2)(y - 2)

Let y = x + Az, then the criterion will become more tractable:

f(z+Az) > f(z) + Vf'(z)Az



Function
—Global linear lower bound

Second order differential criterion of convexity

Twice differentiable function f(z) defined on the convex set S C R is convex if and only

if Vo € int(S) # 0
Vif(z) =0
In other words, Vy € R":

(y, V*f(@)y) > 0

Connection with epigraph

The function is convex if and only if its epigraph is a convex set.

k3 EXAMPLE
Let a norm || - || be defined in the space U. Consider the set:

K :={(z,t) cU xR" : ||z|| <t}

which represents the epigraph of the function z — ||z||. This set is called the cone
norm. According to statement above, the set K is convex.

In the case where U = R" and ||z|| = ||z||2 (Euclidean norm), the abstract set K
transitions into the set:




{(z,t) €R" x R : ||z||2 < £}

Connection with sublevel set

If f(z) - is a convex function defined on the convex set S C R", then for any 3 sublevel
set L is convex.

The function f(z) defined on the convex set S C R" is closed if and only if for any 3
sublevel set L is closed.

Reduction to aline

f : S — Ris convex if and only if S is a convex set and the function g(t) = f(x + tv)
defined on {t | « + tv € S} is convex forany z € S, v € R", which allows to check
convexity of the scalar function in order to establish convexity of the vector function.

Strong convexity

f(a:), defined on the convex set S C R", is called p-strongly convex (strongly convex)
on S, if:

FO@1+ (1= Nz2) < Af(21) + (1= A)f(22) — pA(L = N)|z1 — 22

forany x1,z9 € Sand 0 < X < 1 for some u > 0.



Function
Global quadratic lower bound

Criteria of strong convexity

First order differential criterion of strong convexity

Differentiable f(w) defined on the convex set S C R" is u-strongly convex if and only if
Ve,y € S:

U
F) = f@) + VI @)y —2)+ 5 lly - z||”
Lety = = + Ax, then the criterion will become more tractable:

f(@+ Az) = f(2) + V7 (@)Az + || Ac|?

Second order differential criterion of strong convexity

Twice differentiable function f(x) defined on the convex set S C R" is called p-strongly
convex if and only if Vz € int(S) # 0:

Vif(z) = pl
In other words:

(y, V2 f(z)y) > plly|



Facts

f(x) is called (strictly) concave, if the function — f(x) - is (strictly) convex.

Jensen's inequality for the convex functions:
n n
f (Z aié’?i) <Y oif(wi)
i=1 i=1

n
fora; > 0; Y a; = 1 (probability simplex)
i=1
For the infinite dimension case:

If the integrals exist and p(z) > 0, [ p(z)dz =1
S

If the function f(x) and the set S are convex, then any local minimum x*

argm gl f(a:) will be the global one. Strong convexity guarantees the uniqueness of the
A

solution.

Let f(x) - be a convex function on a convex set S C R™. Then f(z) is continuous

Vz € ri(S).

Operations that preserve convexity

Non-negative sum of the convex functions: af () + Bg(z), (a > 0,8 > 0).

Composition with affine function f(Ax + b) is convex, if f(z) is convex.

Pointwise maximum (supremum): If f1(z), ..., fm(z) are convex, then f(z) =
max{ fi(z), ..., fm(x)} is convex.
If f(z,y) is convexonzx foranyy € Y: g(x) = supf(z,y) is convex.

yeY

If f(z) is convex on S, then g(z,t) = tf(x/t) - is convex with z/t € S,t > 0.

Let f1 : S1 — Rand f2 : So — R, where range(f1) C Ss. If f1 and f are convex,
and f is increasing, then f2 o fi is convex on Sj.



Other forms of convexity

Log-convex: log f is convex; Log convexity implies convexity.
Log-concavity: log f concave; not closed under addition!
Exponentially convex: [f(x; + z;)] = 0, for z1,...,zp

Operator convex: f(AX + (1 —A)Y) X Af(X)+ (1 —N)f(Y)
Quasiconvex: f(Az + (1 — A)y) < max{f(x), f(y)}
Pseudoconvex: (Vf(y),z —y) > 0 — f(z) > f(y)

Discrete convexity: f : Z™ — Z; "convexity + matroid theory.”

kd EXAMPLE
Show, that f(z) = ¢’z + bis convex and concave.

¥ Solution

k4 EXAMPLE
Show, that f(z) = =" Az, where A = 0 - is convex on R",

V¥ Solution

k1 EXAMPLE
Show, that f(A) = Amaz(A) - is convex, if A € S™.



¥ Solution

EXAMPLE
PL inequality holds if the following condition is satisfied for some p > 0,

IVF(@)? > u(f(z) — F*)Vz

The example of function, that satisfy PL-condition, but is not convex. f(:L', y) =
(y — sinz)?
2
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Example pf Pl non-convex function Open in Colab
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